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ON CERTAIN INVESTIGATION OF PRODUCT OF SPECIAL
FUNCTION USING FRACTIONAL CALCULUS

Vishal Saxena®, Manoj Pathak? and Pradeep Kumar Sharma®

ABSTRACT

The paper is devoted to study the generalized fractional calculus of arbitrary complex order for the H -
function defined by Inayat Hussain [8]. The classical fractional integrals and derivatives of Riemann-
Liouville type are treated. The considered generalized fractional integration and differentiation operators
contain the Gauss Hypergeometric function as a kernel and generalize classical Riemann-Liouville,

Erdelyi-Kober types ones. It is proved that the generalized fractional integrals and derivatives of H-

function turn also out H -functions but of greater order. Especially, the obtained results define more
precise and general ones than known. Corresponding assertion for Riemann-Liouville and Erdelyi-Kober
fractional integral operators are also presented.

Keywords: Mellin Barnes Contour Intrgrals, Fractional Operators

1. INTRODUCTION

By evaluating certain Feynman integrals which arise naturally in perturbation calculations
of the equilibrium properties of a magnetic model of phase transitions, Inayat-Hussain [7] derived
a number of interesting properties and characteristics of hypergeometric functions of one and more
variables. While presenting some further examples of the use of these Feynman integrals, Inayat-
Hussain [8] was led to a novel generalization of the familiar H-function of Charles Fox [4]. This
function is popularly known as H -function and contains some new special cases, such as the
polylogarithm of a complex
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order and the exact partition function of the Gaussian model in Statistical mechanics. In terms of Mellin-Barnes
contour integral, it is defined as follows:

@ A @ a)ae | =
Hee {Z(b,-,ﬂol,M,(bj,ﬁj;Bj)Mu,Q] 27r|-[¢ zde, (2+0)
1.1)
~ [T, ﬁf)H{F(l a; +a; &)}
where @(&) = é‘l . (1.2)
H {F(l_bj +ﬂj§)} : H F(aj —ajé)

Here &, (j =1.., p) and bj (j :1,...,q)are complex parameters, A, >O(j =1.., p)and
B; >0(j=1....q)and the exponents a; (j=1..,p)and B (j=1,...,q) can take noninteger values. The

following sufficient conditions for the absolute convergence of the defining integral for H - Function given by (1.1)
have been recently given by Gupta, Jain and Agrawal [5]:

(i) [arg (z)| <1/2Qz and Q >0, N
(ii) [arg (z)| =1/2Qz and Q >0,
> (1.3)
and (a) 4 # Oand the contour L is so chosen that (Cy +A +l) <0
(b) #=0and (1+1)<0, J
where

Q= Zﬂ +ZaA Zﬂ Zplaj, (1.4)

M+1 N+1
p= Za A +Za —Zﬂ Z,BJBJ, (1.5)
N+1 M+1
A= Re(Zb +Zb Zaj ZaJ ( M — ZB +ZA +P- Nj (1.6)
M+1 1 N-+1 M+l

It may be noted that the conditions of validity given above are more general than those given earlier [1].

The following series representation of the H -function was given by Rathie [12].
—un( (@0 A) (@ )y M

HeG | 2 ) T pim | = 2 28(5) 2" (L7)
( j’ﬂj)l,M7( j'ﬁj’ j)M+1,Q =1

M

1T roo, - ﬂ.SPU)ﬁ{F(l—a- rayS, ¥ (-1

h
where 9(S,,) =1 i
H{F(l b, + 3,S5,)}" H I'(a;—a;S,,)P! S,
j=M+1 j=N+1
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—M,N
The following behavior of Hp o [Z] for small and large value of z as recorded by Saxena [16, p.112, egs. (2.3) and
(2.4)] will be required in the sequel

— b.
H ’:l,’QN [z]=0 Dzr’ } for small z, where o = lrsr}iu {RG(FJH (1.9)

]

— =1
H ’;A,QN [z]= O[|Z|ﬁ}for large z, where 8 = max Re[aJ ] (1.10)
a

1<j<N )
j

and the conditions (1.3) are satisfied.
Also S\L,J [X] occurring in the sequel denotes the general class of polynomials [17, p.1, Eq. (1)]

y V] xR
SRIEDY (—V)URA(V,R)E, (1.11)
R=0 -

where U is an arbitrary positive integer, V=0,1,2,... and the coefficients A(V,R) A, g (V, R> 0) are arbitrary

constants, real or complex. On suitably specializing the coefficients AV’R yields a number of known polynomials as its

special cases.

11 CLASSICAL AND GENERALIZED FRACTIONAL CALCULUS OPERATORS
For a € C (Re () > 0), the Riemann-Liouville left and right-sided fractional calculus operators are defined
as the following ([15, sections 2.3 and 2.4)]:

« 1o f()
(1o.8) (9= 505 J gt (>0 (2.1)
« 1ot (D)
(15) 09 = 5 ) o (>0 (22)

and

a d [Re(a){l] 1-a+[Re (a
(Do, ) (¥) = [&j (|0+ [ ()]f)(x)

_ d [Re(a)]+1 1 ) f (t)
B (d_xj I'(1-a+[Re(a)]) j Wdt’ (x>0) (2.3)

) d [Re(a)]+1 o] d [Re(a)]+1 1
(D_f) (x) = (—&j ('— f)(x) :(__x] I'l-a+Re(a)])

J j%dt , (x>0) (2.4)

respectively, where [Re(a)] is the integral part of Re (o).

In particular, for real a > 0, the operators Dg+ and Di take more simple forms.
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a d M
(DLF) () = [d—xj (%) K

(d Y © ()
_(&J r(1—{a})jo ey b 0 (2'5)

. d [a]+1 e
(D_f) ¥ =(—&j (- H

[a]+1 x
:[_i) 1 I MO 4 x>0)
dx r—{a})’« (t—x)
(2.6)
where [a] and {a} are integral and fractional parts of a.

For a, B, n € C and x > 0 the generalized fractional calculus operators [13] are defined by

,aﬁ

(1o, "f) () =

.[(X )" R(a+B-nal —i) ft)dt,  [Re(a)>0]

(2.7)
(12" 0 = [ j(;"i“’"’"f)(xx

(Re (2)<0in =[Re (-a)]+1);  @8)
(Ijmf) (x) = ﬁjj (t—x)“ e’

F (a+ﬁ,—n;a;1_§)f (O dt (Re (o) > 0);

") (x) = ( j(l”‘*”’”’f) (X)),

(Re (2)<0;n =[Re (—a)]+1); (2.10)
and

(2.9)

TR ()
(Re (a)>0;n=[Re(a)]+1); (211

(O x) =1 X) |

{_i)”(. e o (Re (@)> 0;n = [Re (@)]+1) . (2.12)
dx

Here 5 Fl (a,b,c;2) (a,b,c.zeC) isthe Gauss hypergeometric function of the series form
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2@, (0, 2%

ey (2.13)
,F(ab;c;2) kgo ©, ki
with (2),=1,(2), =a (@ +1)...@a+ k1) = % (keN) (2.14)

where I'(z) is the gamma function [3, Chap.1] and N denotes the set of positive integers.

The seriesin (2.13) is convergent for |z| < 1and |z | = 1 with Re (c-a-b) > 0 and can be analytically continued
into {z € C: |arg (1- z) | < =} [3, Chapter I1].
Since

2Fl(O,b;c;z) =1, (2.15)

the generalized fractional calculus operators (2.7), (2.9), (2.11) and (2.12) coincide, if  =—a with the Riemann-
Liouville operators (2.1) — (2.4) for Re (o) > 0:

(I, D) = (I, H ),

AN = (17 (x) (2.16)
(Dg. " (X) = (D, (X)),
O "H K = (Df)(X). (2.17)

According to the relation [3, 2.8 (4)]
,F(ab;asz) = (1-2"°, (218

the operators (2.7) and (2.9) coincide with the Erdelyi-Kober fractional integrals [15, § 18.1] when 3 = 0:
X4 e

(1. "D () = @) I (x=0* " f () dt =(1,,f) ), (@€ CRe(0)>0),
(2.19)
a0 N * P —— . -
(1°""f) (%) T j (t—x)* Tt f (@) dt =(K,,H(X) (a1 €C, Re(@)>0).
(2.20)

Therefore the operators (2.7), (2.9) and (2.11), (2.12) are called ‘generalized’ fractional integrals and derivatives,
respectively. Moreover, the operators (2.11) and (2.12) are inverse to (2.7) and (2.9):
%B-n avﬁbn -1 aaBan Oﬂaﬁﬂ"l -1
D,, =0, ) Db =0_") (2.21)

We also need following asymptotic behaviour of ,F (a, b ; C; z)at the point z = 1.

Lemma 1 For a, b, c € C with Re (c) >0 and z € C, there hold the following asymptotic relations near z = 1:

,F@b;c;2)=0(Q1) Iz ->1) (222)

forRe(c—a-b)>0;

,E(@b;c;2) =0((1-2°*") (z »>1-)forRe(c—a—b)<0; (2.23)

and ,F(@b;c;z)=0(log(1-2)) (z >1-);forc-a-b=0,ab=0,-1,-2,... and Jarg (z)| <.
(2.24)
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Il LEFT-SIDED GENERALIZED FRACTIONAL INTEGRATION OF THE ~ H -FUNCTION

In this and next sections we consider the H -function (1.1) and (1.7) with o = «; and under the

assumptions Q > 0 or Q = 0 where Q > 0 is given by (1.4) and it is assumed that the existence conditions of H-
function are satisfied.

oBn
Here we consider the left sided generalized fractional integration |0+ defined by (2.7).

Theorem 1. Let a, B, n € C with Re (a) > 0, Re (B) # Re (n). Let the constants aj, bj € C, o, Bj>0(G=1,...,P; j=
1,...Q)and A € C, 0;,0, >0 and

f b.
o, min R({F ]+ o, min Re(?} + Re (1) +min [0, Re (7— )] >0 (3.1)
i i

1<j<My 1<j<M

Then the generalized fractional integral | ;:B,ﬂ of the product of H -functions with S\L,J [6t”] exists and the
following relation holds:

(e, E;; ,)1N1 (e;, E; )N1+1Pl

(fjl Fj)l,Ml’(fj’ Fj! j)M1+l,Q1

a,pn g 1 — M N
7 1wt

0+ P1.Q1

— MN o
H "o w,t

lﬁlZ(V)URAV R 5R PR ZZH( PU)

b1 p0
(l A-pR—- alSpU,az,)
(b5, B)um (05, 853 B
(1-A-n+B-pR-0S,,.0,11) (@05 Ay (3, ¢;) 0 ]

(1—/1+ﬂ—pR—618pvu,62, )(l A-—o—-n—-pR- O'ISpU,O'z,)

(3.2)
Proof. By (2.7), we have

(ljf”t* R Tyt R wt s, [5t”])(x)

]J

(ajaaj;Aj)1,Na(aj:aj)N+1,P
(0, B)im s 0, BB s

F[ét”] (%)

N
F(a)J (X—1)* 1t R (a+ B, —1;a; 1-—)
A [yt JA] [wt™ s, [5t°] dt

3.3)
According to (2.22), (2.23) the integrand in (3.3) for any x > 0 has the asymptotic estimate at zero
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P1.Q1

(x—t)“1t“’2':1[“+,3,—77:a?£j A 1[ tq]H [ tazjsv[&p]
_0 (ti+01e*+02 "+min [0, Re(mﬁ)]—l) (t — +0)

-0 (tﬂﬂrle +0, "+ min [0, Re (7+5)] l[log ( )] *),(t Sy O)

-b. -/
Here ¢* = min Re (f;) , "= min Re_(bi) and N” is the order of one of the poles b ¢/ = - @
1<j <M, F 1<j <M ﬂj J i

=1,...,M; £=0,1,2,...) to which some other poles of T'(bj+ Bjs) (j =1,...,M) coincide. Therefore the condition (3.1)
ensures the existence of the integral (3.3).
Applying (1.1), (1.7), (1.11), making the change of variable t = x t, changing the order of summation and integration
and taking into account the formula [11, § 2.21.1.11]

) I'(o)I(a+c—a—-b) it

e,y aed N = X , (&, b,c,aeC, Re
IO T (x=977 R @bicil x)dt ['(la+c—-a)T'(a+Cc—b) )

i

(o) >0, Re (c) >0,
Re (atc—a —b>0). (3.4)
We obtain

(r"“t“ A fwt A [wt s, [5tp])(x)

0+

—a/i’ 1 My

[V/U]
£ ) R M
d UR é‘ SP 1+ R+01S, , +0p¢-1
F(a)27rl~[¢ w,) éRZ_O A0 YY) [ 1

v=1 p=0

(x—t)~? 2Fl(a+,8,—77;a;1—§) dt .

A -p-1 Z ( V)URA/ (étp) %:ig)(spyuxwltfﬁ)sp'“

v=1 p=0
ij = o LUA+pR+aS,, +0y) [A+n-f+pR+0:S,, + ) X d & and in accordance
2710 T (A= p+pR+6,S,, +0,f) F(A+a+n+pR+0S,,+0,5n)

with (1.1), we obtain (3.2) which completes the proof of Theorem 1.
Corollary 1.1 Let a € C with Re (o) > 0 and let the constants A € C, 0y,0, > 0 and

1<js<M; 1<j<M

o, min Re[f }Laz min Re{b J +Re (1) >0 3.5)
F B

then the Riemann-Liouville fractional integral |, of the product of H -functions with S\ [5t”] exists and the

following relation holds:

(I:t“ A" [wyte [ [t s, [5t”])(x)

P1Q1

/1+a—1[V/U -V R v R My »
=X RZ(‘;( ) %R(é“ ) sz(‘;a(spyu)

v=1 p=
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¥ 1-2-pR-0S,,,0,1 (@2 A0 (@),
(Wlxal) H'I;/I+1NQ11 W, X% ( P 019p.01 02 ) LN N+1,P (3.6)
(bjlﬁj)l,M’(bj!ﬂj;Bj)Mﬂ,Q (1 A-a- pR UlSPU’O-Z’)
Corollary 1.2 Let a, n, € C with Re (o) > 0 and let the constants A € C, 0;,0, > 0 satisfy and
f b .
o, min Re| — |+0, min Re| — +Re (A)+min [0, Re ()] > 0
1<j<My FJ. 1<j<M ﬂj
3.7)

then the Erdélyi-kober fractional integral I;a of the product of H -functions with S\L,J [6 7] exists and the following

relation holds:
(1 A
n.a

M1,Np

o [wa TR [wat ]Sy [6171) 00
1—1[\/ -V )ik ° My = _
RZ;( e (03 2370065

(Wlxgl)PUHmthﬁl WX (1 AonmpR-03

pu’o-Z;l) (a a]’AJ)lN’(a' a')N+1P (3.8)
(bj’ﬂj)l,M’(bj’ﬂj;BJ')M+1‘Q (1 j’ - 77 pR Glspu’gz’)

IV RIGHT-SIDED GENERALIZED FRACTIONAL INTEGRATION OF THE  H -FUNCTION

oBn
In this section we consider the right sided generalized fractional integration |_ defined by (2.9).

Theorem 2 Let o, B, n € C with Re (o) > 0, Re (B) # Re (n). Let the constants . € C, 0;,0, >0 and

. {L)l}(, . {M}meu) <min[Re (B),Re ()] @)

1<j<Ng Ej 1<j<N a;

then the generalized fractional integral Ii'm of the product of H -functions with St,J [6t”] exists and the following
relation holds:

[ T TR T J8 60109

= x* ﬂlz RIURAWR (5xp)R 229( Pu)(Wl 51) v

R=0 v=1p=0
(aj,aj ; Aj)l,Ni(ajnaj)Nﬂ,P
(1-A+B-pR-0S,,.0,)

—M+2,N .
Hpi2,0:2| W,X%

(1—ﬂ—pR—GlSpU, )(1 Ata+p+n—-pR- o-lSpU’O- )] (4.2)

(1-2+7-pR=0,S,,.0,) (0, 8))m: (0, B5i By so
Proof: By (2.9), we have
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(e R [ JA [ Js )

P11

Mg, Ny

(X0 R a prmieit=) R [wa [ wat Js o] ot

F(a)j

(4.3)
Due to (2.22) and (2.23) the integrand in (4.3) for any x > 0 has the asymptotic estimate at infinity

(t—x)* 't/ F [a +p,—-n,0;1— %)

i [WJ“]HZS [Wzt(’?]&j[(ﬁp] -0 (tl+alel+az " —min [ Re (8),Re ()] 1) (t = +00)

=0 [ RSO g () ), (t > 410

Re(e;))-1]| _, Re (a;)-1 o
Here e1 max | ———— ,fl =max| —————— | and N is the order of one of the poles
E 1<j <N

<1<y j a;
1_ai + k . . . .
aik = i=1,...N;k=0,1,2,...) to which some other poles of I'(1- &- ais) (i = 1,2,...,N) coincide.
.

1
Therefore the condition (4.1) ensures the existence of the integral (4.3).

1
Applying (1.2) making the change t = — and using (3.4), we obtain
T

(Ia'ﬂﬂti_l H e [Wltq} H :‘QN [Wztaz ]S\L; [§tp]) )

- PLQ1

- a-1
— L (t _lj tﬂ*d*ﬁfl
I'(ax) Y ux X

Fa+p-nia; 1__)2 g V)UR'%VRgR Z;zoe( PU) .[ ¢(§)(W2 62) dg dt
=1 p=
_ lea ) _ a-l _a+p-A-pR-01S, ,~0,5-1
_F(a)-[o (x —7)"" 7
M o _
oFilot pr-niail-—)de Z Eley, o 2 0(Se,) ()™ I¢(§) dg
Z o1 p=
-V R -
Aﬁlzo( )URAXVR(&p) Z;ZO@( )
=1 p=
a\re 1op = :T(-A+f-pR-0S  -0,8)
(Wlt ) Z_,ZiJ.L(b(g)(WZ) F(l—/i—pR—alSp’Up—ag)
F(l—ﬂ+r7—pR—0'lSp'U—0'2§) X"Z‘fdf

Il-A+a+p+n-pR-0,S,, -0,)
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and in accordance with (1.1), we obtain (4.2) which completes the proof of Theorem 2.
Corollary 2.1 Let o € C, with Re (o) > 0 and let the constants A € C, 03,0, > 0 satisfy and

Re(e:)-1 Re(a )-1
1<J<N1 Ej 1<]<N aj
+Re (1) +Re(a)<0 (4.5)

Then the Riemann-Liouville fractional integral I (_l of the product of H -functions with S, [61°] exist and

the following relation hold:

(l R w,t A [Wztaz]s\,u[ﬁtp])(x)
Ata-1 —V)ur NG R
—x é( ) AYVR(é‘ ) ;%9( pu)

(ajlaj;Aj)l,N'(ajlaj)N+l,P

o M+1,N
(W]_X ) HP+1Q+1[W X2 (1_/1—05—pR_018p,U’02)

(amase) | g
©;. Bi)im - (05, B Bidwiao
Corollary 2.2 Let a e C, with Re (o) > 0 and let the constants A € C, 6,,0, > 0 satisfy and
Re(e; )-1 Re(a. )-1
o, max (—J) +0, max & + Re (1) +Re(n)<0 4.7)

1< <N, Ej 1<j<N Q;

Then the Erdelyi-Kober fractional integral K,;’a of the product of H -functions with St,J [6t”] exist and
the following relation hold:

(K,, AR [t R [wt s, [5t”])(x)
21 ( V)UR P &= o Spu
$1000, o S50, )
—MLN (@ a5 Ao (8, )yap (1-A+a+p+n-pR-0S,,.0,)

Hpiqi| W,X% (4.8)
(1_ﬂ“+77_a_pR_UlSpr’o-2) (bjlﬂ)lMl(b]!:BJ’ J)M+1,Q

V LEFT-SIDED GENERALIZED FRACTIONAL DIFFERENTIATION OF THE H -FUNCTION
: : : TR U
Now we treat the left-sided generalized fractional derivative D 0y given by (2.11).

Theorem 3. Let o, B, n € C with Re (a) > 0, Re (a+B+n) = 0. Let the constants aj, bj € C, a;, Bj>0(G=1,..., P; j =
I,....Qand X € C, 0,0, >0 and
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o, min Re(;]ﬂrz min Re{;] +Re (1) +min[0,Re(a+f+7)]>0  (5.1)
i i

1<j <M, 1<j<M

Then the generalized fractional derivative Dgf'” of the product of H -functions with S’ [5t”] exists and

the following relation holds:

(D“””t‘ lH " [w t]H [wztﬂSi[atP])(x)

0+

NIV Z I( V)URA(V i ( )R %ig(splu)

v=1 p=0
(1-2-pR-0S,,.0,1)
(bjiﬂ )lM ’(b]'ﬂy J)M+1Q

(1_1_(1_ﬁ_n_pR_O-lsp,ulo-Z;l)(aj’aj;Aj)LN’(ajvaj)NJrl,P (5.2)
(1-4-B-pR-58,,.0,1)(1-2-n- pR-03S, 0,1

5 \Sp ToMN2
(Wlx 1) Hpi2g:2| W,X”

pv?

Proof. Let n = [Re (a)] +1. From (2.11) we have

(D“‘”‘”tH Ho [t [ [w, t”z]sv[atﬂ])(x)

0+ 1Q1

[ e e )

dx P1Q
which exists according to Theorem 1 with o, 3 and n being replaced by - o + n, -B-nand o + n - nrespectively.

Then we obtain
(D"t F

0+ P11

M1,Ng

[wit= TR [w,t s, [5tp]) (X)
R M o

_[_j l+ﬁ+nlz R|URAXVR (5)(/?) ZZQ( pu)

R=0 v=1 p=0
(1-1-pR-0S,,.0,1)
(0, 8w (05, BB Dwao
(1_/1_a_ﬂ_ﬂ_PR_QSp,ulO—z;l)(aj aj, J)lN‘(aJ’a)N+1P (5.4)
(1-2-p-n-pR-03,,.0,:1)(1-A-n-pR-0S,,,0,:1)

o \Spy M N2
(W1X 1) Hp:20+2| WX

on differentiating n times and the relation N F(n) = F(n +1) imply (5.2) which completes the proof of the theorem.
Corollary 3.1 Let o € C with Re (o) > 0 and let the constants and A € C, 03,0, > 0 satisfy the conditions in (3.8).

Then the Riemann-Liouville fractional derivative D g+ of the product of H -functions with St,J [0t”] exists and the

following relation holds:

(D AR [yt JAY [wzt@]sC[étp])(x)
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K= ~)un RSl

_ yia-l ; AYV R)(5x/’) ;;é(smu)

—M,N+1 ’
(Wlx“l) Hpi1041 {W X7 ho

(l—ﬂ—pR_Uls (7211) (aj,aj;Aj)lyN,(aj,aj)Nﬂyp (5.2)
0, 8)im: 0, 8By A—A+a—pR-05S,,.0,:1)
VI RIGHT-SIDED GENERALIZED FRACTIONAL DIFFERENTIATION OF THE H -FUNCTION

Theorem 4. Let o, B, n € C with Re (o)) > 0, Re (o + B + 1) + Re(ar) + 1 # 0. Let the constants A € C, 0;,0, >0
satisfy and

Re(e;)-1 Re(a;)-1
o, Max £ +0, max — + Re (4) —1+max|Re (8).{Re (@) +1} -Re (a+) | <0
i

1<j <N 1<j<N i
(6.1)

o,pB.n —
Then the generalized fractional derivative D~ of the product of H -functions with S, [017] exists

and the following relation holds:
a,f.n M1.Ng o MN . V)
(Df R [wyt R [wztz]S\,[&p])(x)

M; o

: Re )] mﬂ -1 Z RIUR ,%/ R (5XP) Zza(sp)u)
R=0 v =0
(Wxal) HM+2N W, X" (a aJ’Al)lN’(aj’aj)N+1’P
h P+2Q+2 (1—1+0£+77—PR‘013p,u’02;1)

(6.2)
(l A-pf-pR- 01 )(b ﬂ)m (b ﬂ B)M+1Q

Proof. Letn=[Re ()] + 1. From (2.12) we have

(D” CER [ R [w2t02]53[5tp])(x)

(8 e B e o T )

(6.3)
which exists according to Theorem 2 with a, § and n being replaced by - o + n, -B-nand o +mn respectively.
Then we obtain
(D" v-F

- P1.Q1

:(‘1) e S sy o) YT, )

R=0 v=1 p=0

(1-2-pR-0$,, )( ~2-B+n-pR-3S,,, )]

Mq,Np

[witn A" [w,t s, [§t”])(x)
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o HM+2N (aj i J)lN’(ajia)N+1P
(Wlx ) P+2,0+2 | W,X"2 (1—/1—ﬂ+7]—pR—GS - 1)

1~por™~ 21

(1—/1—ﬂ—n—pR—alspvu,crz;l)(l—/i+a+77—pR—0'13pyu,crz;l)

(6.4)
(bj’ﬂj)l,M v(ijﬂj; Bj)M+1,Q (1_/1_ﬂ_pR_0_18p,ulo_2;l)

which implies the formula (6.2) in view of n times differentiation and the relation nF(n) = F(n +1) .

Corollary 4.1. Let a € C with Re (o) > 0 and let the constants A € C, 0;, 0, > 0 satisfy and
Re(e;)-1 Re(a;)-1

o MX| ——|+0, MAX| ———

1<j <N, Ej 1<j<N Q;

+ Re (1) +Re (a) <0 (6.5)

Then the Riemann-Liouville fractional derivative D of the product of H -functions with S, [017] exists
and the following relation holds:

(DtﬁlHig[ tq]H [w t®]3J5V1yx)
=( Re +1 A+ﬂ1 Z .URI%/R (5 P) ;;é(spu)

(WXUI)S Hr-io {WX (@), A (85,0 Dy
i P+1,Q+1 )

(1-i+a-pR-0$,,.0,11)
(1-1-pR-05S,,.0,:1) (6.6)
(1-A-B-pR-0S,,.0,:1)

Special Cases:

— Mp,N
1.1f in theorem 1, we reduce S.\L,J to Lf,’ (x) Laguerre polynomial, leQl to generalized Wright hypergeometric
1R1

- — MN . .
function ¥ aq and H b to generalized Wright

Bessel function with the help of results [20, p.101, Eqg. (5.1.6)], [6, p.271, Eq. (7)], [18, p.271, Eq. (9)] respectively,
we get the following theorem:

whnia (1e,E,g)l e
'ft“qu%w o 1P}Jg[wgﬂﬁﬂwwﬂu)

(l f j)M1+1,Q1
5x7) "
1§ Ve (VwJ(X)
S RV J(1+a),
wﬁ{r(l—eﬁEj?)}ﬁ (L-2-pR-0,p,0;}1) (1_/1_77+ﬂ_pR_01p’62;1)}
B e ARl (4 gy pR—0,p, 01
pz-oﬁ{r(l_flﬂ)}a. (WlX)H{WZX O Caliiep-p-apogy LA~ PR=0P 0 )

37
Vishal Saxena, Manoj Pathak and Pradeep Kumar Sharma


http://www.ijaconline.com/

Journal of Analysis and Computation (JAC)
(An International Peer Reviewed Journal), www.ijaconline.com, ISSN 0973-2861
Volume XVII, Issue I, Jan-June 2023

2. Once again in theorem 1, if we reduce S, polynomial to Y, (—ﬂ'X, a',ﬁ')
— Mz .N — M\N
Bessel polynomial, leQl to generalized Riemann Zeta function ¢(X) and HPQ to generalized hypergeometric
LN )

function PEQ using results [9, p.108, Eq. (34)], [3, p.271, Eq. (1)], [6, p.471, Eq. (9)] respectively, it takes the
following interesting form:

@B a1 o = o
|t g(wit™ Kk r)pFo| w,t?
o ( ' ) |: 2 (1_bj ) Bj)l,Q

(1_aj1Aj)1,P:|

NICI YRy
Lot =S D ey ), (o

(1_ajiAj)1,P
(011)1,M ’(1_bj: Bj)l,Q

ﬁ{r(l_bi )}Bj (wlx”l)p ﬁlpi;iys {W X2
SIT{r(-a,))” (Per)

(1-2-pR-0,p,0,;,1)(1-A—n+ - pR—0,p,0,:1)
(1-2+f-pR-0,p,0,;1)(1-A-a—-n-pR-0,p,0,1)

3. If in Theorem 2, we reduce S\L/J polynomial to Hermite polynomial HV (X) HP " to H- function and
1

— M\N
H b to g, function with the help of [20, p.106, Eq. (5.5.4)], [8, p.4125, Eq. (20)] we arrive at the following
result after a little simplification:
apn g1 MM o o,
(I t HPval [wlt ]g[r,y,r,m,wzt ]

D(X _ yi B 1[\//ZU ( V)ZR (5xp)R

) - r(m+1)r(1ij
ﬂ;a(%,ﬂ(w) ”d/zzmmr(olz—ljr(f)r[r_;)

[51°]"2 H [

2or

My o _

N

(1- r,1;1),(1— r +%,1;1}

(0,1),(—%,1;1)(—;1,1;14r m)

(1—/1—10R—(718p‘u|(72)(1_ﬂ'+a+ﬂ+77_pR_GlSp‘u‘62)
(124 pR-08,,0:)[1- A7 pR-0S,,03)

—33
Hss| W,X%

where
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Ny

ﬁ T, -AS,,)[[r-a,+¢S,,)(-1)
g ' b +p

Q R
[1T-b, 445, 3] '@ -8, )04 A

j=M+1 j=N+1

The results obtained by M. Saigo and A.A. Kilbas in [14] can be easily deduced from our results. If in theorem 1 and

— M1 ,N — M,N
2 we putW =1, reduce the polynomial St,’ and leql to unity and H ho to familiar H-function we arrive at known
1R1 i

results
recorded in [10, pp. 109-110, Egs. (3.130), (3.131)]. Further, if in corollary (1.1) and (1.2) we reduce S\L,J and H

— M1.,Np

P1Q1

to unity, we get the results given by Srivastava H.M. [19, p. 97, Egs. (2.4), (2.5)]. Also by reducing Fl:jl;:l to unity,
1R1

we at once get the results obtained by Chaurasia et al. [2].
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