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ABSTRACT

For a molecular graph &, the first Zagreb index is equal to the sum of squares of degree of all
vertices, the second Zagreb index is equal to the sum of products of the degrees of pairs of adjacent
vertices and the F-index or forgotten topological index is defined as the sum of cubes of degree of all
its vertices. In this paper, we introduce seven new tensor products of generalized middle graphs and
investigate first and second Zagreb indices, F-indices, coindices of these new graphs and their
complements.
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[1] INTRODUCTION

The topological indices are graph invariants which are numerical values associated
with molecular graphs. In mathematical chemistry, these are known as molecular descriptors.
The topological indices play vital role in mathematical chemistry, especially quantitative
structure-property relationship (QSPR) and quantitative structure-activity relationship
(QSAR) investigations. For chemical applications of topological indices refer [18, 29].

In this paper, we are concerned with simple graphs, having no directed or weighted
edges and no loops. Let G be a finite graph with n vertices and m edges is called (1n,m)
graph. We denote vertex set and edge set of graph G as V(G) and E(G), respectively. The
complement of a graph G is denoted by G and is defined as the graph whose vertex set is
V(&) in which two vertices are adjacent if and only if they are not adjacent in G. Obviously,
G has n vertices and G’} —m edges. The neighbourhood of a vertex u € V(&) is defined as
the set N (1) consisting of all vertices v which are adjacent to u in G. The degree of a vertex
u € V(G), denoted by d. (1) and is equal to [N (1) [. The line graph L(G) of a graph G is the
graph with vertex set E(G) and two vertices are adjacent in L(G) if and only if the
corresponding edges in G are adjacent. The line graph L(G) has order n, =m and size
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m; = —m +%E§‘=1 d.(v;)* The subdivision graph 5(G) of a graph G whose vertex set is

V(G) U E(G) where two vertices are adjacent if and only if one is a vertex of G and other is
an edge of G incident with it. The partial complement of subdivision graph 5*(G) of a graph
G whose vertex set is V(G) U E(G) where two vertices are adjacent if and only if one is a
vertex of G and other is an edge of G nonincident with it. For undefined graph theoretic
terminologies and notations refer [22].
For a molecular graph G, first Zagreb index was defined by Gutman and Trinajstic’ [20] in
1972 as
M@= ) de()
vEV(G)
The second Zagreb index was defined in [19] as
M@ = ) de() - de(v)

ureE(G)

The first Zagreb index [27] can also be expressed as
M@= ) (de(w)+do(v)).

ur EE(E)
The first and second Zagreb coindices [1] were defined respectively as

M@= ) (de(w)+dg(v))
ur 2E(G)
and
@)= ) (de(@) dg(v).
uveE(G)
For basic properties of Zagreb indices refer [17, 20] and for Zagreb indices of graph

operation refer [1, 12, 23, 31]. Another degree based graph invariant called forgotten
topological index or F- index was put forward by Furtula and Gutman [15] is defined as

FG) = ) de)’= ) (de(@) +de(¥)?).

vEV(GE) urcE(&)

Its coindex [14] is given by
FO)= ) (@ +d: ().
urE(&)
See [15] for basic properties and [2, 14] for F-index of graph operations.
The hyper Zagreb index was introduced by Shirdel et al., in [28] which is defined as

HM(G) = ) (do(0) +ds ()’
uveE(G)
and hyper Zagreb coindex was introduced by Veylanki et al., in [30] as
HH(G) = ) (de(w) + de(v))*
urgE (&)
For basic properties of hyper Zagreb index and coindex refer [16] and for graph operations
refer [3, 5, 28, 30].
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The Zagreb indices interms of edge-degrees reformulated by Milic’evic’ et al. in 2004 [26] .
The first reformulated Zagreb index is defined by,

EM,(@) = ) do(e)’.

gEE(G)
The forgotten topological indices reformulated interms of edge-degrees. The reformulated F-

index [24] is defined by,

EF(G) = Z d, (e)>.

sEE(E)

For a graph G = (V, E), let G be the graph with V(G") = V(&) and with no edges, G* be the
graph with V(6Y) = V(6),6* =G and 6~ = G.
Definition 1 [11] Given graph G = (V, E') and three variables x, ¥,z € {0,1, +, —} the xyz -
transformation T**= of G is the graph with vertex set V(T*"¥) = IV U E and the edge set
E(T™%) = E(G*)U E(L(G)”)UE(W),where W = S(G) ifz=+ W = §*(G) ifz = —,
W is graph with V(W) =V U E and with no edges if z = 0, and W is the complete bipartite
graph with parts VV and E if z = 1.

The generalized middle graph G*¥, introduced by Basavanagoud et al. [4], is a graph
having V(G) U E(G) as the vertex set and @, 8§ € V(G) U E(G), @ and 8 are adjacent in G*¥
if and only if one of the following conditions holds:

1. @ f € E(G), & [ are adjacent in G if x = + and «,  are not adjacent in G if
x=—,
2. a €V(G)and f € E(G), &, f are incident in G if ¥ = + and «, £ are not
incidentin G if y = —,
The generalized middle graphs and their complements are shown in Figure 1.

G: @ ® ®
¢ ; ® o ® ) /.\/\o o>o<a
G++ Gt— G—+ G——

Figure 1: The generalized middle graphs and their complements.

In the recent paper [13], Eliasi and Taeri introduced four new operations on graphs as
follows:

Definition 2 [13] Let F € {5,T,,T,.T}. The F-sums of G, and G,, denoted by G, +:G,, isa
graph with the set of vertices V (G, +5G,) = (V(G,) U E(G,)) % V(G,) and two vertices
(uy,u,) and (v, v, ) of G, +5zG, are adjacent if and only if [u, = v, € V(G,) and
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u v, € E(Gy)]or [u, = v, €V(G,) and u, v, € E(F(G,))].

Thus, authors in [13] obtained four new graph operations as G, +3G,, Gy +1 G5, G, +1, G;

and G, ++G, and studied the Wiener indices of these graphs. In [12], Deng et al. gave the
expressions for first and second Zagreb indices of these new graphs.

The tensor product [25] G, & G, of two graphs G, and G, of order n, and n, respectively, is
defined as the graph with vertex set ¥, x V5 and (ut,, v,) is adjacent with (4,1, ) if and only
if u,u, € E(G,) and v,v, € E(G,).

Basavanagoud et al., introduced four new tensor products of graphs by extending F-sums of
graphs on cartesian product to tensor product in [8] as follows:

Definition 3 [8] Let F be the one of the symbols 5.T,, T, or T. The F —tensor product
G, @ G, is a graph with the set of vertices V(G, &z G,) = (V(G,) U E(G,)) X V(G,) and
two vertices (i, 1,) and (v, v, ) of G; & G, are adjacent if and only if u, is adjacent to v,
in F(G,) and u, is adjacent to v, in G,.

Thus, authors in [8] obtained four new graph operations as G, ®; G;, 6, @1 G,, G, @y, G,
and G, @1 G, and studied the first and second Zagreb indices of these graphs. Basavanagoud
et al. [9] obtained F-index and hyper Zagreb index of G, &5 G, 6, @1, G;, G, @1, G, and
G, @1 G;.

Motivated from [8], we introduce new tensor products of generalized middle graphs by
extending F —sums of graphs on cartesian product to tensor product as follows:

Definition 4 Let F be the one of the symbols G** or 6=, where x,y € {+,—}. The

F —tensor product G, &5 G, is a graph with the set of vertices

V(G @5 Gy) = (V(G,) U E(Gy)) X V(G2) and two vertices (1, u,) and (v, v ) of

G, @ G, are adjacent if and only if ., is adjacent to v, in F(G,) and u, is adjacent to v, in
G.

We illustrate this definition in Figure 2.

90
B. Basavanagoud, Shruti Policepatil, Pooja B. and Sangeeta Bhat


http://www.ijaconline.com/

Journal of Analysis and Computation (JAC)
(An International Peer Reviewed Journal), www.ijaconline.com, ISSN 0973-2861
Volume XVI, Issue VI, Jan-June 2022

7y Dy < a1 SR

Figure 2: Graphs Gy, G, and G, @7 G..

The graph G, @g++ G, = G, @, G, and its first Zagreb index and second Zagreb index can
be found in [8]. In this paper, we study the first Zagreb index and second Zagreb index of
G, ®¢+- Gy, Gy -+ Gy, Gy R Gy, 6, @53 G,, 6, ®z= G, 6, ®z= G, and

Gy '@'F G,.

[2] PRELIMINARIES
The following results are useful for proving our main results.

Theorem 2.1 [1, 10] Let G be a (n,m) graph. Then
1. M,(G)=M,(G) +n(n—1)*— 4m(n —1),
2. M,(6)=2m(n—1)— M,(G),
3. M,(G)=2m(n—1)— M,(G).

Lemma 2.2 [8] Let G, and G, be two graphs. Then M,(G, & G,) = 2M,(F(G,))M,(G,).
Theorem 2.3 [4] Let G be a graph of order 1 and size m. Then
o My(T™ ) =m?((n—2)(n—6) +4)—m(n—2)% +2 2(m+ (n—4) + (n—
2)?) + F(G) + 2M,(G) + (n— 2)EM,(G) + EM,(G),
o Mo ) =(m+ (7)) = )M (6) - (m + DEM,(6) + EM,(6) — F(6) -
2M,(G),
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o M) =(n+m =323 ) - D) +mP -9+ m—1) — (m(n—5) -

n+ 1)M,(G) — F(G) — 2M,(G) — (n+ m — 3)EM,(G) + EM,(G),

o MyTH) = (n—1)3((5) + 2m) + 2m(m — 2) + = (40— 1) + F(6) + 2M,(G) +

2EM,(G) + EM,(G),

. M:(Tl+‘)=[n+m—1)3[;i)+m[n+m—1)((n—2)(n—4]—2(n—1))+2m‘:(5)+
F(G) —2m?(n—5) — m(n — 2)? + 2% (n = 2)? — 1) + M, () ((n—
Ej[n+m]—2(m+1jj+(n—EjE’Ml(Gj—I-EM:(Gj,

o MmN =m-12(5)+ o+ D} (T T+ 2m(@ - Dt m+2) +m) -
LD (m? + (4n— 2)) — F(6) — 2M,(6) — (m + 1)EM,(G) + EM,(G),

My(TV7) = (n+m—1)2() + (n + m — 3)° (m+1j 2m?(n+m — 2) — 2M,(G) —
F(G)+mn+m—1)((n—2)(n+m—1)—2(n—1)) - L (n+m—3)*+1) -
M (G)(n—2)(n+m—1)—(n+3m—1))—(n+m—3)EM(G) + EM,(G)

Theorem 2.4 [21] Let G be a graph of order n and 3|ze m. Then
1. M,(G)=n(n—1)° = 3m(n—1)% +2m’* + Z=M, () — M,(6),
2. M,(G) = 2m® — 1 M,(G) — M,(G),
3. M,(G)=m(n—1)>—(n— 1)M,(G) + M,(G).

Theorem 2.5 [16] Let &G be a graph with n vertices and m edges. Then
1. F(G)=n(n—1)°—4m(n—1)* +3(n— 1)M,(G) — F(G)
2. F(G) = (n—1)M,(G) — F(G)
3. F(G)=2m(n—1)*— 2(n— 1)M,(G) + F(G).

Proposition 2.6 [7] Let G be a graph of order n, size m and let v be the point-vertex of
T*¥2(G) corresponding to a vertex v of G. Then

de(v), if x=0,ye{01+ -}

n—1+d.(v), if x=1,ve{01,+, -},
dpxy+(v) =4 2d;(v), if x=4+,y€{0,1,+ -},

n—1, if x=—,ye{01,+ -}

m — dg(v), if x=0,ye{01,+,—}

n+m—1-—dg(v), if x=1,ve{01,+ -}
drxr-(v) =4m, if x=4+,yve{0,1,+ -},

n+m—1-—2d.(v), if x=—,y€{01,+ -}

Proposition 2.7 [7] Let G be a graph of order n, size m and let e be the line-vertex of
T*¥3(G) corresponding to a edge € of G. Then
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(2, if vy=0x€{0,1,+ -}
m+1, if vy=1,x€{01,+ -}
dpev+(e) =42 +dg(e), if yv=+x€{01,+ -}
m+1—dg(e), if y=—x€{01,+ -},
\
m— 2, if y=0,x€e{01,+ -},
n+m-—3, if v=1xe{01,+ -}
dry-(e) =9n— 2+ d.(e), if y=+,x€{0,1,+ -},
n+m—3—dg(e), if yv=—x€{01+ -}

\
Proposition 2.8 [6] Let G be a graph of order n and size m. Then

. [V(T®2(6))| =n + m.

« [E(T®=(G))| = |[E(G¥)| + |E(L(G)")| + |E(W)], where

r':.’ I'fx: ¥
n ,
(z}’ if x=1,
|E(G*)| =4m, if x=+,
[;}—m, if x=—,
L
(ﬂ, If Fzﬂr
() if y=1
E(L(G))| ={-m+ T, dc(v)%  if y=+,
m+1 1wy s . _
{2 )_F =1 dg(v)" if y=—,
\
(0, if z=0,
mrn, if z=1,
|[E(W)| =+ 2m, if z=+,
m(n—2), if z=—.
\

TD++, T[H_, TD_“L, TI}——1 Tl——’ T1_+, T and T are nothing but E'H, G+_, E_+, G
G, G*7, GT and G~ respectively.

[3] ZAGREB INDICES OF F-TENSOR PRODUCTS OF GENERALIZED MIDDLE
GRAPHS

We start by stating the following proposition which will be needed to prove our main results:

Proposition 3.1 If G, and G, are (n,,m,) and (n,, m,) graphs respectively. Then
IV(G, &z Gy)| =ny(ny, +m,y)and

1. |E(G, @F G,)| =[ny(ny—1)+my(my +2n, —3)— M,(G,)]m,,

2. |E(G, @z+- G,)| =[2my(ny — 3) + M,(G,)]m,,
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|E(G, ®|'_:T Gy)| = [ny(ny — 1) +my(my +5) — My(G,)]m,,
|E(G, @g-+ Gy)| = [m,(m, +5) — M,(G,)]m,,

|E(G, ®z= Go)| = [ny(ny — 1) +2my(ny —3) + My (G,)]m,,
|E(G, @¢— Gy)| = [my(my +2ny —3) — M (G,)]m,,

|E(Gy @g== G;)| = [y (ny — 1) + 2my + M, (G,)]m,.

No gk w

Theorem 3.2 If G, and G, are (n,,1,) and (n,,m,) graphs respectively, then
M;(G, ®F G,) = My(G;)(My(Gy) + EM(Gy) + (ny +my — 1):”1
+(n, + my —3)*my —4(my(ny + my —3)+ my(n, + my, —1))).
Proof. Using the definition of first Zagreb index, Propositions 2.6 and 2.7, we have
M, (G, ®'F G,) = Z(u,y}evcc._@ﬂH
= Luev (@ (e, nnvie,) Lveviey (dgrv g, (Wdg, (v))?
+Zoevia,) EEEVI:F.:G._}:-nE(r;._} (dFu:-s._} (e)de, (2))".
For u € V(G+¥(6G,)) NV (G,), dgr g, (W) =1y +my — 1 — dg (u)and
fore € V(G (G,)) N E(G), dzws (s, (6) =y +my —3 —dg (e).
Therefore,
M, (G, '@'F G,) = EuEVI:G._} Euev-:r;:} ((ny+my—1-— d-s._ (”))dG: (”)):

+Zzev-:c,_} ZEEE(G.ﬂ} ((ny+m; —3 —dg (E)]da_ [zj]:
=((ny +my —1)"ny + M, (Gy) — 4my(ny +m, — 1))M,(G,)
+((ny +my — 3)*my + EM,(G,) — 4my(ny + my —3))M,(G,)
= M,(G;)(M,(Gy) + EM,(G)) + (ny + my — 1)%ny
+(ny + my —3)*my — 4(my(ny + my — 3) + my(ny + my — 1)),

&) 9,0—¢ (W)

Corollary 3.3 If G, and G, are (n,.m,) and (n,,m, ) graphs respectively, then
M, (G, ®F G,) = My(G)(M(G,) + EM(G,) + (ny +m, — 1]:”1
+(ny +my —3)?my —4(my(ny + my — 3) + my(ny + my — 1))
+(ny(ny +my) — 1)(ny(ny +my)(ny(ny +my)—1)
—4(ny(n, — 1) + my(2n, + my —3) — M,(Gy))).
Proof. Using Theorem 3.2 and Proposition 3.1(i) in Theorem 2.1(i), we get the required
result.

Corollary 3.4 If G, and G, are (ny,m,) and (n,,m,) graphs respectively, then
M, (G, ®F G,) = 2my(ny(ny— 1) + my(2ny + my — 3) — Mi(ﬂﬂij](nz (ny +my)—1)
_Mi(GEJ(Ml(Gig + EM,(G)+ (ny +my —1)"ny
+(ny +my —3)"m, —4m,(my(n, + my— 3) +my(n, +my — 13)).
Proof. Using Theorem 3.2 and Proposition 3.1(i) in Theorem 2.1(ii), we get the required
result.

Corollary 3.5 If G, and G, are (n,.m,) and (1., m, ) graphs respectively, then

M, (G, '@'F G,) =2my(ny(n,— 1) +my(2ny +my —3) — M (G))(ny(ny +my) — 1)
_Mi[:EE:](Mltsig + EM,(Gy) + (ny +my—1)my
+(n, +my; —3)*m, —4(my(n, + m; —3) + my(n, +my; —1))).
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Proof. Using Theorem 3.2 and Proposition 3.1(i) in Theorem 2.1(iii), we get the required
result.

Theorem 3.6 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
M, (G, g+~ Gy) = My (G,)(My(Gy) + EM(G,) + mi(n, —4)
+(n, — 2)(my(n, — 2) + 4m;)).

Proof. Using the definition of first Zagreb index, Propositions 2.6 and 2.7, we have
M(G) B¢+ Gy) = El:u,v}EVl:G-_IZIG+—G»_-_} dé_@,:a,_c: (w,v)
= Zuev{-s*'(c:._}}nv(r;._} EBEVI:G:} (dr;"'(s._}(”)dus: (”)]:
+ EEEVI:G:_} Eaevnjs"‘(us._}}nsujs._} [dus*‘ujs._}[ejdcz [z]]:.
Foru € V(G¥(6,)) NV (Gy), dg+-(g,) (1) = my — dg (uw)and
fore € V(6*7(6,))N E(6y), dg+-(g, () =ny — 2+ dg,_(e).
Therefore,
M(G, &g+ G;) = Zuev(-s.} Zyev(a_} ((my —dg [”Dda_ (”)]:
+Ezeﬂv-:r;h_} EEIEEI:G- ) ((ny - 2+dg (Ejjdc.._ [zjjzﬂ
= (min, + M,(G,) —4m )M, (G;) + ((n,— 2)"m,
+EM(G)) + 4m(n, — 2))M,(G;)
= M,(G,)(M(G,) + EM(Gy) + mi(n, — 4)
+(ny — 2)(my(ny, — 2) + 4m;)).

Corollary 3.7 If G, and G, are (ny,m,) and (n,, m,) graphs respectively, then
M, (G @+ Gy) = M (G,)(M,(G,) + EM,(G,) + mi(n, —4)
+(ny — 2)(my(n, — 2) + 4m;))
+(n,(n, + my)— 1)(n,(n, + my ) (n,(n, +m,)—1)
—4m,(2my(n, — 3) + M, (G,))).
Proof. Using Theorem 3.6 and Proposition 3.1(ii) in Theorem 2.1(i), we get the required
result.
Corollary 3.8 If G, and G, are (ny,m,) and (n,,m,) graphs respectively, then
E(Gi @e+- Gy) = 2my(2my(ny — 3) + My (G,)) (ny(ny +my) — 1)
—M,(G,)(M(G,) + EM,(G,) + mi[”l —4)
+(n, — 2)(my(n, — 2) + 4m;)).
Proof. Using Theorem 3.6 and Proposition 3.1(ii) in Theorem 2.1(ii), we get the required
result.
Corollary 3.9 If G, and G, are (ny,m,) and (n,,m,) graphs respectively, then
E[:Ei @g+- Gy) = 2my(2my(ny — 3) + My (G,)) (ny(ny +my) — 1)
—M,(G,) (M (G,) + EM(G,) + mi(”l —4)
+(rn, — 2)(my(n, — 2) +4m;)).
Proof. Using Theorem 3.6 and Proposition 3.1(ii) in Theorem 2.1(iii), we get the required
result.
Theorem 3.10 If G, and G, are (n,,m,) and (mn,,m,) graphs respectively, then
M, (G, @z+= G;) = M,(G;)(M,(G,) + EM,(G,) + (n, — 1)%n,
+(my+ 1)*my + 4(my(ny, — 1) —my(my + 1))).

Proof. Using the definition of first Zagreb index, Propositions 2.6 and 2.7, we have
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Y

M, (G, '@'F G,) = Z(u,u}evcs._@ﬂ?rsg} ’i-s._tEJTr;E (u, v)
= EuEU(l"(G._}}nU(G._} EBEUI:G:} [d{;T.:G__}[u]dG: [”]]:
L + EHEV-:G:} Eaev.:F.:s._}:.nE.:s._} [dF.:s._} (e)dg, (2))*
Foru € V(G*(G,)) NV (G,), d=—=, y(w) =n; —1+dg (u) and
fore € V(6¥(6,)) N E(Gy), dga=g ,(e) = my + 1 —d¢_(e).
Therefore, )
M, (G, '@'F G,) = Euevcs._} Euev-:r_:.;} ((n,—1+ d-s._ (”’j)daj (v))~
+Zzev.:c.,_} Zﬂ.:r}'EE(G.} ((my+1—dg (e]jd,&_ (z))°
=((ny —1)™ny + M,(G,) + 4m,(n, — 1)) M,(G;)
+((my + 1)*m, + EM,(G,) — 4m,;(m, + 1)) M, (G,)
= Mi(G:)(‘f‘fi(Gi) +EM,(G,) +(ny — 1)y
+(m,+ 1)*m, + 4(my(n, — 1) —m (m, + 1))).
Corollary 3.11 If G, and G, are (n,,m,) and (n,.m,) graphs respectively, then
M, (G, @z= G;) = My(G,)(M,(Gy) + EM,(Gy) + (ny — 1)%ny
+(my+ 1)*my + 4(my(ny, — 1) —my(my + 1))
+(n,(n, + my)— 1)(n,(n, + my ) (n,(n, +m,)—1)
—4m,(ny(n,— 1) +m,(m; +5) —M,(G;))).
Proof. Using Theorem 3.14 and Proposition 3.1(iii) in Theorem 2.1(i), we get the required
result.
Corollary 3.12 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
M, (G, ®F G,) =2m,(ny(n,— 1)+ m (m; + 5)—M,(G,))(ny,(n, +m,;)— 1)
—Miii?:](ﬁj'i(i?i) + EM(G,) + (n, — 1)*ny
+(m,+ 1) m, +4(my(n, — 1) —m, (m; +1))).
Proof. Using Theorem 3.14 and Proposition 3.1(iii) in Theorem 2.1(ii), we get the required
result.
Corollary 3.13 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
E(Gl ®F G,) =2m,(ny(n,— 1)+ m (m; + 5)—M,(G,))(ny,(n, +m,;)— 1)
—Miiﬁzjiﬁfiiﬁl) + EMy(G,) + (n, —1)°my
+(m,+ 1)*m; + 4(m(n, — 1) —my(m, +1))).
Proof. Using Theorem 3.14 and Proposition 3.1(iii) in Theorem 2.1(iii), we get the required
result.

Theorem 3.14 If G, and G, are (n,,m,) and (mn,,m,) graphs respectively, then
M (Gy ®c-+ Gy) = My(Gy)(M(G,) + EMy(G,) + (my + 1)*my — 4my (my +1)).
Proof. Using the definition of first Zagreb index, Propositions 2.6 and 2.7, we have
My (G g+ G3) = Xiuw)ev(c, ®g-+6,) dé._@ﬂ-wsg (w,v)
= ZuEU(G—"'(G._}}nL-’(G._} EDEVI:G:_} (ds"'(s;}(”]dcz (v))
+ EEEUI:G_._} Eaesz‘*u:s._}}nsujs._} [ds"'(-s._} [e]dus: (3]]:-
Foru e V(G~*(G)) nV(G)), dg-+(g,) (1) = dg_(u) and
fore EV(GT7(G1)) N E(Gy), dg-+ (g, (e) =m, +1 —dg_(e).
Therefore,
M,(G, @g+ G) = Euev(us.} ZEEV{G._} (dg, (”jd-sh_ [”j):
+Zzev-:c,_} nyEE(G.} ((my+1—dg (e]jd,&_ [zj]:

-
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= M (G)M,(Gy) + ((my + 1)*my + EM,(G,) — 4m (my + 1))M,(G,)
= M,(G,)(M,(G) + EM,(G) + (m, + 1)*m, —4m,(m, +1)).

Corollary 3.15 If G, and G, are (n,,m, ) and (n,, m,) graphs respectively, then
M, (G, &g+ Gy) = M, (G;)(M(Gy) + EM,(G,) + (m, + ljjmi —4m;(m; +1))
+(ny(n, + my) — 1)(ny(n, + my)(ny(ny +my)— 1)
—4m,(m, (my +5) — M,(G,))).
Proof. Using Theorem 3.14 and Proposition 3.1(iv) in Theorem 2.1(i), we get the required
result.

Corollary 3.16 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
E[Gl &g+ Gy) = 2my(my(my +5) — M(G,)) (ny(ny + my)— 1)
—M,(G,)(My(Gy) + EMy(Gy) + (my + 1)?my — 4my(my + 1)).
Proof. Using Theorem 3.14 and Proposition 3.1(iv) in Theorem 2.1(ii), we get the required
result.

Corollary 3.17 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
E[Gl &g+ Gy) = 2my(my(my +5) — My (G,)) (ny(ny + my) — 1)
—M,(G,)(My(Gy) + EMy(G,) + (my + 1)*my — 4my (my + 1)).
Proof. Using Theorem 3.14 and Proposition 3.1(iv) in Theorem 2.1(iii), we get the required
result.

Theorem 3.18 If G, and G, are (n,,m,) and (mn,,m,) graphs respectively, then

M, (G, @z= G;)
=M,(G,)(M,(G,) + EM,(G,) + (ny + my —1)(ny(n;, +my — 1) — 4m,)
+(rn, — 2)(my(n, — 2) +4m;)).

Proof. Using the definition of first Zagreb index, Propositions 2.6 and 2.7, we have
M, (G, ®'F G,) = EI::J,F:IEUI:G-_@FG:_} dé-_@FGz (w,v)
= Zuev.:F.:G._}}nv-:s._} Loevic) (dF.:s._}(“jdG: (v))°
+ Loevie) Esev-:F.:s._}}nE.:G._} (d5=%(6,, (e)de, (2))*
For u € V(67*(6,)) NV (G,), dg=s ¢, () = n, +m, — 1 — dg (u) and
fore € V(6 (6)) N E(Gy), dg= () = ny — 2+ dg (e).
Therefore,
M,(G, ®F G,) = Euev(us._} EL‘EV{G:} ((ny+my—1-— d-s._ [”*)jdus: (”]]:

+Zzev-:s._} EEEE(G.) ((n, —2+dg, (e))ds.._ (3)):
=((ny + my —1)*n, + M,(G,) — 4(ny + my, — 1)m, )M, (G,)
+((ny — 2)*m, + EM,(G,) + 4m,(n, — 2))M,(G,)
=M, (G;)(M,(G,) + EM(G,) + (n; + my — 1)(ny(ny +my —1) — 4m,)
+(ny — 2)(my(n, — 2) + 4m;)).

Corollary 3.19 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
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Mi[Gl ‘g'F G:)
=M, (Go)(My(Gy) + EM,(Gy) + (ny + my —1)(ny(ny +my — 1) — 4m,)
+(n, — 2)(my(ny — 2) +4my)) + (ny(ny + my) — 1)(ny(ny +my)(ny(n, +my)— 1)
—4my(ny(n, — 1) + M, (G,) + 2m,(n, — 3))).

Proof. Using Theorem 3.18 and Proposition 3.1(v) in Theorem 2.1(i), we get the required
result.

Corollary 3.20 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
E(Gl ®F G,) =2m,y(ny(n,— 1) + M, (G,) + 2m,(n, — 3))(n,(n, + my)— 1)
—M,(G;)(My(Gy) + EM,(Gy) + (ny +my — 1)(ny(ny +my — 1) — 4my)
+(ny — 2)(my(n, — 2) + 4m;)).
Proof. Using Theorem 3.18 and Proposition 3.1(v) in Theorem 2.1(ii), we get the required
result.

Corollary 3.21 If G, and G, are (n,,m, ) and (n,, m,) graphs respectively, then
E(El ®F G,) =2m,(ny(n,— 1)+ M, (G,) + 2m,(n, — 3))(n,(n, + my)— 1)
=M, (G,)(My(Gy) + EM,(G,) + (ny +my — 1)(ny(ny +my— 1) — 4m,)
+(n, — 2)(my(n, — 2) + 4m;)).
Proof. Using Theorem 3.18 and Proposition 3.1(v) in Theorem 2.1(iii), we get the required
result.

Theorem 3.22 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
M, (G, ®g-- G,) = My(G,)(My(G,) + EM(G,) + my(nymy + (ny + my — 3)%)
—4(mi +my(n, + m; —3))).
Proof. Using the definition of first Zagreb index, Propositions 2.6 and 2.7, we have
M, (G, @g-- G) = ZI:H,F}EVI:G-_@IQ——GE_} dé_@.g——r;g (e, v)
= EuEV{G"(G. NNViE, ) Euev.:s._} (ds“.:s.;.(”)ds._ (”)):
+ EHEV(G._} EEEVI:G__I:G. VINE(G, ) [dG__l:G. ] (ejdlﬂ. (Ej]:.
Foru € V(6™ (Gy)) NV(G,), dg-- (g (u) = my — dg (u) and
fore eV(G™(G)) N E(G,), dg—(g,(e) =ny, +my —3 —d; (e).
Therefore, i )
M(G - G;) = Zuev(-s.} Zyev(a_} ((my —dg [”Dda_ (”)]:
+ Ezeﬂv-:ch_} EEIEEI:G. ) ((ny :" m; —3 —dg (E)jda_ (z]]:ﬂ
= (min, + M,(G,) —4m])M,(G,) + ((n, + m; —3)"m,
+EM,(G,) — 4my(n, + my —3))M,(G,)
= M,(G,)(M,(G,) + EM,(G,) + m,(nym, + (n, + my; —3)%)
—4(mi +my(n, + m; —3))).

Corollary 3.23 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
M(G) B¢ Gy) = My(G,)(My(Gy) + EM(G,) + my(mymy + (ny + my — 3]:j
—4(mi +my(n, + my; —3)))
+(n,(n, + my)— 1)(n,(n, + my ) (n,(n, +m,)—1)
—4dm,(my(my +2n, —3) — M,(G,))).
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Proof. Using Theorem 3.22 and Proposition 3.1(vi) in Theorem 2.1(i), we get the required
result.

Corollary 3.24 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
E(Gl &e-- G;) = 2my(my(my + 2n, —3) — M,(G,))(ny(n, + my)— 1)
—M,(G,)(M,(G,) + EM,(G,) + my(nym, + (n, + my; — 3)7)
—4(mi +my(n, + m; —3))).
Proof. Using Theorem 3.22 and Proposition 3.1(vi) in Theorem 2.1(ii), we get the required
result.

Corollary 3.25 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
E(Gi ®e-- G;) = 2my(my(my + 2ny —3) — M, (Gy))(ny(ny +my)— 1)
—M,(G,)(M,(G,) + EM,(G,) + my(nym, + (n, + my; — 3)%)
—4[mi +my(n, + my —3))).
Proof. Using Theorem 3.22 and Proposition 3.1(vi) in Theorem 2.1(iii), we get the required
result.

Theorem 3.26 If G, and G, are (n,,m,) and (mn,,m,) graphs respectively, then
M, (G, ®g= Gy) = M (G,)(M(Gy) + EM,(Gy) + (n, — 1:]:”1 +4(myn, +my)).
Proof. Using the definition of first Zagreb index, Propositions 2.6 and 2.7, we have
M (G, ®z=G,) = El:u,v}EVI:G-_IZIFG:_} dé._lZIFG: (w,v)
= Euev.:F.:s._}}nv-:s._} EEEV{G:} (dsT.:s._;.[“)dc: (v))?
+ Leevig,) Eaevu:F.:s._}}nE.:r;._} (dg==(¢,y(e)dg, (2))%.
Foru € V(G (G,)) NV(G,), dg==(¢, (1) =n; —1 +dg (u) and
fore € V(6™ (6,)) N E(G,), dg== ,(e) = 2 + d¢_(e).
Therefore,
M(G ®z=G;) = Euev(us.} EL‘EV(G._} ((ny—1+d; [“j]da_(”)):
+Zzev-:c,_} ZﬂaEE(G.) ((2+dg, (e]jd,&_ [zj]:
= ((ny — 1)"ny + M (G,) + 4my(n, — 1))M,(G;)
+(4m, + EM,(G,) + 8m )M, (G,)
=M, (G,)(M,(G,) + EM,(G,) + (n, — 1)*n, + 4(myn, + m,)).

Corollary 3.27 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
M, (G, ‘3'? G,) = My(G,)(M,(Gy) + EM,(G,) + (ny — 132”1 +4(myny +my))
+(n,(n, + my)— 1)(n,(n, + my ) (n,(n, +m,)—1)
—4m,(ny(n, — 1)+ 2m,; + M,(G,))).
Proof. Using Theorem 3.26 and Proposition 3.1(vii) in Theorem 2.1(i), we get the required
result.

Corollary 3.28 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
E[Gl @z=G;) = 2my(ny(n, — 1)+ 2m, + M,(G,))(ny(ny + my) — 1)
—M,(G,)(M,(Gy) + EM,(G,) + (ny — 1)*ny + 4(myny +my)).
Proof. Using Theorem 3.26 and Proposition 3.1(vii) in Theorem 2.1(ii), we get the required
result.
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Corollary 3.29 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
E(El Bz== G;) = 2my(ny(ny — 1) + 2my + My(Gy))(ny(ny + my) — 1)
—M,(G,)(M,(G,) + EM,(G,) + (n; — 1)*n; + 4(mn, + m;)).
Proof. Using Theorem 3.26 and Proposition 3.1(vii) in Theorem 2.1(iii), we get the required
result.

From Theorem 2.4, it is clear that if M,(G, &= G, ) and M,(G, &= G, ) are known, then
M, (G, ®z G,), M (G, ®x G,) and M, (G, @z G,) are known. As some expressions for
M, (G, @ G,) are known by Theorems 3.2, 3.6, 3.10, 3.14, 3.18, 3.22 and 3.26 what really
needs to be calculated are some expressions for M, (G, &x G, ). This we do now:

Theorem 3.30 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then

M, (G, @z= G,) = 2((n, + my, — 1)* ( )+ (ny, +my —3)° (ml T 1) —2mi(n, +m, —
2)— EMH[GL) —F(G))+my(n, +m, — 1)((n, — 2)(n, + m; — 1) —2(n, — 1)) —
M) (n, +my, —3)2+ 1) = M,(G)((ny — 2)(n, + m, — 1) — (n, + 3m; — 1)) —

[”1 +my —3)EM,(G,) + EM,(G,))M,(6G,)

M, (G, @+ E:j=2(mi((nl—2j(ni—6)+4) ml[nl—Z) -|-lL‘I G}[E[ml-l-

1)(n, —4) + (n, — 2)%) + F(G,) + 2M,(G,) + (n, — 2)EM,(G,) + EM,(G,))M,(G,)
M, (G, ®G+_ c;ﬂ) =2((ny — D2 (51) + omy + 2 (52T 1) + 2my (O — D (ny +my +
2)+m,)— -: D (m? + (4n, —2)) — F(G,) — 2M,(G,) — (m, + 1)EM,(G,) +
EM,(G,))M,(G,)

M, (6, ®g— G,) = 2((m; + 1)*(
EM:(Gﬂ F(Eﬂ - EM:(Gﬂ)M:(G:)

M, (6, ®z=% 6;) = 2((ny + my— 1)*(F) +my(ny +my — 1)((ny — 2)(ny— 4) —

2(n, — 1))+ 2M,(G,) + F(G,) — 2mi(n, —5) — m,(n, — 2)* + == My (e (n,—2)"—1)+
M (G ((ny — 2)(ny+my)— 2(my + 1))+ (n, — 2)EM,(G,) + EM" (Glij: (Gz)

My(6y @ 62) = 2((ny + my = )X (1T H) ~ 2L 4 md(n, - H)(ny + my— 1) -
(my(ny = 5) —ny + DM, (6,) — F(6,) — 2M,(Gy) — (ny + my — 3)EM, (G,) +
EM,(G,))M;(G)

1) —(my +1)EM,(G,) +

ml-l-]_)

.|G_':|

M, (G, ®g=G;) = 2((ny, — ((5}) + 2my) + 2m, (m, — 2) +-
F(G,) +2M,(G,) + 2EM, (G,) + EM,(G,))M,(G>)

(4n, — 1) +

Proof. Using Theorem 2.3 and Lemma 2.2, we get the desired results.

[4] F-INDEX AND COINDEX OF F-TENSOR PRODUCTS OF GENERALIZED
MIDDLE GRAPHS

In this section, we proceed to obtain F-index and coindex of F-tensor products of
generalized middle graphs and their complements.
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Theorem 4.1 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then

F(G, ®z= G,) = F(G,)((ny + my —1)%*ny — F(Gy) — 6(ny + my —1)°m,
+3(ny + my, — 1M (G) + (ny + m,— 3)°m, — EF(G,)
—6m;(n, +m, —3)* +3(n, + m, — 3)EM,(G,)).

Proof. Using the definition of F-index, Propositions 2.6 and 2.7, we obtain desired result.

Corollary 4.2 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then

F(G, ®zw= Gy) = ny(ny + my)(ny(ny + my) — 1) —4m,(ny(n, — 1)
+m,(my +2n, —3) — M,(6,))(n.(n, + m,) —1)°
+3(ny(ny + my) — 1)M,(G,)(M(G,) + EM,(G,)
+(n, + m, — 1]:111 +(n; +my; — 3]:1?11
—4(my(ny, + my; —3)+m,(ny, + my —1)))
—F(G,)((ny+my —1)*ny, —F(G,) —6(ny, + my —1)*m,
+3(ny, + my,— )M, (G)) + (n, + m;, — 3)*m, — EF(G,)
—6m,(n, + my, —3)* + 3(n, + m, — 3)EM,(G,)).

Proof. Using Proposition 3.1, Theorems 3.2 and 2.5 (i) we get the desired result.

Corollary 4.3 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(Gi ®F G,) = (ny(ny +my) — )M, (G,) (M, (G,) + EM,(G,) + 4(my + 2m;))
—F(G,)((ny+ my —1)%*n;, —F(G,) —6(n, + my —1)*m,
+3(ny + my— 1M, (G,) + (ny + my — 3)*m, — EF(G,;)
—6m, (n, + m, —3)* + 3(n, + my, —3)EM,(G,)).
Proof. Using Proposition 3.1, Theorems 3.2 and 2.5 (ii) we get the desired result.

Corollary 4.4 If G, and G, are (n,.,m,) and (n,,m,) graphs respectively, then

F(Gl ®F G,) = 2m,(ny(n, — 1) +my(m, + 2n, — 3) — M, (G,)) (ny(ny, + my) — 1)°
—2(ny(ny + my)— 1)M,(G,)(M,(G,) + EM,(G,) + 4(m, + 2m,))
+F(G,)((ny + my —1)%n, — F(G,) —6(ny + my —1)*m,
+3(ny + my — )M, (G,) + (ny + my — 3)®m, — EF(G,)
—6m;(n, +m, —3)* +3(n, + m, — 3)EM,(G,)).

Proof. Using Proposition 3.1, Theorems 3.2 and 2.5 (iii) we get the desired result.

Theorem 4.5 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then

F(G, ®c+- G,) = F(G,)(min, — F(G,) — 6m} + 3m,M,(G,) + (n, — 2)*m, + EF(G,)
+6m,(n, —2)* + 3(n, — 2)EM,(G,)).

Proof. Using the definition of F-index, Propositions 2.6 and 2.7, we obatin desired result.

Corollary 4.6 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(G, .+ G,) = ny(ny, + my)(n,(ny + my) — 1)3
—4m,(2my(ny, — 3) + M, (G)))(na(ny + my) —1)°
+3(n,(n, + my) — 1M (G,)(M,(G,) + EM,(G,) + mi(n, — 4)
+(n, — 2)(my(n, — 2) +4m,;)) — F(G;) [minl —F(G,)— E:mi
+3m, M, (G,) + (ny —2)*m, + EF(G,) + 6m (n, — 2)°
-|-3[111 — EJEMl[Gljj.
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Proof. Using Proposition 3.1, Theorems 3.6 and 2.5 (i) we get the desired result.

Corollary 4.7 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(G, ®g+- Gy) = (np(ny + my) — 1)M,(G,) (M (G,) + EM,(G,) + mi(ny —4)
+(n, — 2)(my(n, — 2) +4m,;)) — F(G;) [minl —F(G,)— Emi
+3m,M,(G,) + (ny, —2)*m, + EF(G,) + 6m,(n, — 2)°
+3(n, — 2)EM,(G,)).
Proof. Using Proposition 3.1, Theorems 3.6 and 2.5 (ii) we get the desired result.

Corollary 4.8 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(Gy ®¢+- Gy) = 2my(2my(ny — 3) + My (6)) (ny(ny +my) — 1)°
—2(ny(ny + my) — DM, (6,)(M,(G,) + EM,(G,) + mi(n, — 4)
+(ny — 2)(my (n, — 2) + 4m,)) + F(G,)(min, — F(G,) — 6mj
+3m M, (G,) + (n, —2)*m, + EF(G,) + 6m,(n, — 2)*
+3(n, — 2)EM,(G,)).
Proof. Using Proposition 3.1, Theorems 3.6 and 2.5 (iii) we get the desired result.

Theorem 4.9 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then

F(G, ®z= G,) = F(G,)((n, — 1)°n, + F(G,) + 6m, (n, — 1)* + 3M, (G,)(n, — 1)
+(m,+ 1)*m, — EF(G;) — 6(m, + 1)*m, + 3EM(G,)(m, + 1)).

Proof. Using the definition of F-index, Propositions 2.6 and 2.7, we obtain the desired result.

Corollary 4.10 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(G, ®F G,) = n,(n, + my)(n,(ny +my)— 1]3 —4m,(ny(n, — 1)+ my(my, +5)
—M,(G))(ny(ny + f‘“ﬂ —1)*+ 3(5’}: (ny +my) —1)M(G,) (M, (G,)
+EM,(G,)+ (ny — 1) ny + (my +1)°my + 4(my(n, — 1) — my(my, +1)))
—F(G,)(F(G,) +8m, + EF(G,) + 24m, + 6EM,(G,)).
Proof. Using Proposition 3.1, Theorems 3.10 and 2.5 (i) we get the desired result.

Corollary 4.11 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(G, ®g= Gy) = (ny(ny + my) — 1M (G,) (M (G,) + EM,(G)) + (ny — 1)°m,y
+(my+ 1)*my + 4(my(ny, — 1) —my(my + 1))
—F(G,)(F(G,) +8m, + EF(G,) + 24m  + 6EM,(G,)).
Proof. Using Proposition 3.1, Theorems 3.10 and 2.5 (ii) we get the desired result.

Corollary 4.12 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(G, Q7= Gy) = 2my(ny(ny — 1) + my(my + 5) — My (G6,))(na(ny + my) — 1)*
—2(ny(ny + my) — )M, (G,) (M, (G)) + EM(G) + (n; — 1)*ny
+(my+ 1)*m, + 4(my(n; — 1) —my(m, + 1)))
+F(G,)(F(G,) + 8m, + EF(G,) + 24m, + 6EM,(G,)).
Proof. Using Proposition 3.1, Theorems 3.10 and 2.5 (iii) we get the desired result.

Theorem 4.13 If G, and G, are (1,,m,) and (1., m, ) graphs respectively, then
F(G, ®¢-+ G;) = F(G)(F(Gy) + (my +1)*m, —EF(G,) — 6(m, +1)*m,
+3EM(G,)(m, + 1)).
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Proof. Using the definition of F-index, Propositions 2.6 and 2.7, we obtain the desired result.

Corollary 4.14 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(G, ®z-+ G,) = ny(ny + my)(no(ny + my) — 1)3
—4my(my(my +5) — My(G)) (ny(ny + my) — 1)°
+3(ny(ny + my) — 1M, (G,)(M,(G,) + EM,(G,) + (my + 1)*m,
—4m,(m, + 1)) — F(G,)(F(G,) + (m, + 1)*m, — EF(G,)
—6(m, + 1)*m, + 3EM(G,)(m, + 1)).
Proof. Using Proposition 3.1, Theorems 3.14 and 2.5 (i) we get the desired result.

Corollary 4.15 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(6, ®c-+ Gp) = (ny(ny +my) — 1)M(G) (M (Gy) + EM(Gy) + (my + 1)°m,
—4m,(m, + 1)) — F(G,)(F(G,) + (m; + 1)*m, — EF(G,)
—6(m, + 1)°m, + 3EM(G,)(m, + 1)).
Proof. Using Proposition 3.1, Theorems 3.14 and 2.5 (ii) we get the desired result.

Corollary 4.16 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(G, g+ G,) = 2m,(my(my +5) — My (G,)) (ny(ny + my)— 1)2
—2(ny(ny +my) — )M (G,)(M(G,) + EM(G,) + (my + 1):*“1
—4m;(m, +1)) + F(G,)(F(G,) + (m, + ljaml— EF(G,)
—6(m, + 1)*m; + 3EM(G,)(m, + 1)).
Proof. Using Proposition 3.1, Theorems 3.14 and 2.5 (iii) we get the desired result.

Theorem 4.17 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then
F(G, ®F G,) = F(G)((ny + my — 1]3111 — F(G,) —6(n, + my — 1]:ml
+3(n, + my — 1)M,(G)) + (n, — 2)®m, + EF(G,) + 6m,(n, — 2)°
+3(n, — 2)EM,(G,)).
Proof. Using the definition of F-index, Propositions 2.6 and 2.7, we obtain the desired result.

Corollary 4.18 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then

F(G, ®G_+ G,) = ny(ny + my)(ny(n, + my)— 1)° —4m,(n,(n, — 1) + 2m,(n, — 3)
+M(G))(ny(my +my) — 1): +3(ny(ny +my) —1)M,(G,)(M,(G,)
+(n, +my; —1)(n,(n, +m; — 1) —4m, )+ EM,(G,)
+(n, — 2)(my(ny,— 2) +4m,)) — F(G,)((ny + my — 1)%n, — F(G))
—6(n, +m; — 1]:1?11 +3(n, +my,— 1)M,(G,)+ (n, — Ejaml
+EF(G,) + 6m,(n, —2)* +3(n, — 2)EM,(G))).

Proof. Using Proposition 3.1, Theorems 3.18 and 2.5 (i) we get the desired result.

Corollary 4.19 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then

F(Gl 18:-; G,) = (ny(ny +my)— )M (G)(M,(G)+ (ny, + my — 1) (ny(ny + my — 1)
—4m,)+ EM,(G,) + (n, — 2)(my(ny — 2) +4m,))
—F(G,)((ny+ my —1)%n, —F(G,) —6(ny + my —1)*m,
+3(n, + my — 1M, (G)) + (n, — 2)®m, + EF(G,) + 6m,(n, — 2)°
+3(n, — 2)EM,(G,)).
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Proof. Using Proposition 3.1, Theorems 3.18 and 2.5 (ii) we get the desired result.

Corollary 4.20 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F[Gl ®F G,) = 2m,(n,(n, — 1)+ 2my(n; —3) + M, (G, ))(n,(ny, + m,) — 1)3

—2(n,(ny + my)— )M, (G,)(M,(G,) + (ny +my, — 1)(ny(n, + my; — 1)
—4m, )+ EM,(G,) + (n, — 2)(my(ny — 2) +4m,))
+F(G,)((ny + my —1)%n, — F(G,) —6(ny + my —1)*m,
+3(n, + my — OM,(G,) + (ny — 2)°m, + EF(G,) + 6m,(n, — 2)°
+3(n, — 2)EM,(G,)).

Proof. Using Proposition 3.1, Theorems 3.18 and 2.5 (iii) we get the desired result.

Theorem 4.21 If G, and G, are (n,,m,) and (n,, m,) graphs respectively, then

F(G, ®,.-- G,) = F(G,)(m3in, —F(G,) —6m3 +3m,M,(G,)) + (n, + m, — 3)%m,
—EF(G,) —6m,(n, + m, — 3)* +3(n, + m; —3)EM,(G,)).

Proof. Using the definition of F-index, Propositions 2.6 and 2.7, we obtain desired result.

Corollary 4.22 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(G, @y G,) = ny(ny + my)(n,(ny + my)— 1)® — 4m,(m,(m, + 2n, — 3)
=M (G, ))(na(ny +my) — 1): + 3(n, (”} +m,) - 1)M,(G,) (M, (G,)
+EM,(G,)+ my(nym; +(n, + m; —3)°) — 4(m] + my(n, + m; — 3)))
—F(G;) [minl —F(G,)— Emi +3m, M, (G)) + (n, +m, — 3]317/11
—EF(G,) —6m,(n, + my — 3)*+ 3(n, + my —3EM,(G))).
Proof. Using Proposition 3.1, Theorems 3.22 and 2.5 (i) we get the desired result.

Corollary 4.23 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(G, ®¢-- G;) = (ny(ny + my) — 1]‘”1(5:1(M1(61j:|' EM,(G,)
+my(nymy +(n, + my; — 3)°) — 4(m; + my(n, + my, — 3)))
—F(G;) [minl —F(G,)— Emi +3m, M, (G)) + (n, +m, — 3]317/11
—EF(G,) —6m,(n, + my — 3)* + 3(n, + my —3)EM,(G,)).
Proof. Using Proposition 3.1, Theorems 3.22 and 2.5 (ii) we get the desired result.

Corollary 4.24 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F[Gl Re-- Gy) = 2my(my(my +2ny —3) — M (G,))(np(ny +my) — 1]:
—2(ny(ny +my) — 1jM1(G:1(M1(51:]ﬂ+ EM,(G,)
+my(n,my +(n, +my —3)°) — 4(m] +my(n, + m, — 3)))
+F(G,)(min, — F(G,) —6m] +3m M, (G,) + (n, + m; — 3)°m,
—EF(G,) —6m(n, + my —3)* +3(n, + m, —3)EM,(G,)).
Proof. Using Proposition 3.1, Theorems 3.22 and 2.5 (iii) we get the desired result.

Theorem 4.25 If G, and G, are (1,,m,) and (1., m, ) graphs respectively, then

F(6, ®z= G,) = F(G,)((ny — 1)°n, + F(G,) + 6m (n, — 1)* +3M(G,)(n, — 1)
+8m, + EF(G,) + 24m; + 6EM,(G,)).

Proof. Using the definition of F-index, Propositions 2.6 and 2.7, we obtain the desired result.

Corollary 4.26 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(6, @z= G,) = ny(ny + my)(ny(n, + my) — 1)° —4m,(ny(n, — 1) + 2m,
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+M(6,))(ny(ny + my) — 1)* + 3(ny(ny +my) — 1)M,(6,) (M, (G,)
+EM (G + (n, — 1)*n, + 4(myn, + m,))
—F(G,)((ny— 1)*ny + F(G)) + 6m,(ny, — 1)* + 3M(G,)(n, — 1)
+8m, + EF(G,) + 24m; + 6EM,(G,)).

Proof. Using Proposition 3.1, Theorems 3.26 and 2.5 (i) we get the desired result.

Corollary 4.27 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F(6, @z== Gy) = (ny(ny + my) — )M, (G,) (M, (Gy) + EM(G)) + (ny — 1)°my
+4(myn, + m;))— F(G,)((ny — 1)%n, + F(G,) + 6m,(n, — 1)°
+3M,(G,)(n, — 1) +8m, + EF(G,) + 24m; + 6EM,(G,)).
Proof. Using Proposition 3.1, Theorems 3.26 and 2.5 (ii) we get the desired result.

Corollary 4.28 If G, and G, are (n,,m,) and (n,,m,) graphs respectively, then
F[Gl &= Gy) = 2my(ny(ny — 1) +2my + M, (G,))(ny(ny +my) — 1)?
—2(ny(ny + my) — )M, (G,) (M (G,) + EM,(G,)
+(n, — 1)*n, + 4(myn, + my)) + F(G,)((n, — 1)*n, + F(G))
+6m,(n, — 1)* + 3M,(G,)(n, — 1) + 8m, + EF(G,) + 24m,
+6EM,(G,)).
Proof. Using Proposition 3.1, Theorems 3.26 and 2.5 (iii) we get the desired result.

[5] Conclusion
In this paper, we have introduced new tensor products of generalized middle graphs. We

obtained explicit formulae for first and second Zagreb indices, F- indices, coindices of these
new graphs and their complements.

REFERENCES

[1] A.R. Ashrafi, T. Doslic’, A. Hamzeh, “The Zagreb coindices of graph operations”,
Discrete Appl. Math., 158 (15) (2010) 1571-1578.

[2] S. Akhtera, M. Imran, “Computing the forgotten topological index of four operations on
graphs”, AKCE Int. J. Graphs Comb., 14 (1) (2017) 70-79.

[3] B. Basavanagoud, S. Patil, “A Note on Hyper-Zagreb Index of Graph Operations”,
Iranian J. Math. Chem., 7 (1) (2016) 89-92.

[4] B. Basavanagoud, C. S. Gali, S. Patil, “On Zagreb indices and coindices of generalized
middle graphs”, Karnatak. Univ. J. Sci., 50 (2016) 74-81.

105
B. Basavanagoud, Shruti Policepatil, Pooja B. and Sangeeta Bhat


http://www.ijaconline.com/

Journal of Analysis and Computation (JAC)
(An International Peer Reviewed Journal), www.ijaconline.com, ISSN 0973-2861
Volume XVI, Issue VI, Jan-June 2022

[5] B. Basavanagoud, S. Patil, “A Note on hyper-Zagreb coindex of Graph Operations”, J.
Appl. Math. Comput., 53 (1) (2017) 647-655.

[6] B. Basavanagoud, “Basic properties of generalized xyz-Point-Line transformation
graphs”, J. Inf. Optim. Sci., 39 (2) (2018), 561-580.

[7] B. Basavanagoud, C. S. Gali, “Computing first and second Zagreb indices of generalized
xyz-Point-Line transformation graphs”, J. Glob. Res. Math. Arch., 5 (4) (2018) 100-122.

[8] B. Basavanagoud, V. R. Desai, K. G. Mirajkar, B. Pooja, I. N. Cangul, “Four new tensor
products of graphs and their Zagreb indices and coindices”, Electron. J. Math. Anal.
Appl., 7(1)(2019) 65-75.

[9] B. Basavanagoud, Anand P. Barangi, “F-index and hyper-Zagreb index of four new
tensor products of graphs and their complements”, Discrete Math. Algorithm. Appl., 11
(3) (2019) 1950039 DOI: 10.1142/S1793830919500393.

[10] K. C. Das, I. Gutman, Some properties of the second Zagreb index, MATCH Commun.
Math. Comput. Chem., 52 (2004) 103-112.

[11] A. Deng, A. Kelmans, J. Meng, “Laplacian spectra of regular graphs transformations”,
Discrete Appl. Math., 161 (2013) 118-133.

[12] H. Deng, D. Sarala, S. K. Ayyaswamy, S. Balachandran, “The Zagreb indices of four
operations on graphs”, Appl. Math. Comput., 275 (2016) 422-431.

[13] M. Eliasi, B. Taeri, “Four new sums of graphs and their Wiener indices”, Discrete Appl.
Math., 157 (4) (2009) 794-803.

[14] N. De, S. M. A. Nayeem, A. Pal, “The F-coindex of some graph operations”, Springer
Plus, 5(1) (2016) DOI: 10.1186/s40064-016-1864-7.

[15] B. Furtula, I. Gutman, “A forgotten topological index”, J. Math. Chem., 53 (4) (2015)
1184-1190.

[16] I. Gutman, “On hyper Zagreb index and coindex”, Bulletin T. CL de I’Acade'mie serbe
dessciences et des arts, 42 (2017) 1-8.

[17] I. Gutman, K. C. Das, “The first Zagreb index 30 years after”, MATCH Commun. Math.
Comput.Chem., 50 (2004) 83-92.

[18] 1. Gutman, O. E. Polansky, Mathematical Concepts in Organic Chemistry, Springer,
Berlin (1986).

[19] I. Gutman, B. Rus¢ic’, N. Trinajstic’, C. F. Wilcox, Graph theory and molecular
orbitals. XII. Acyclic polyenes, J. Chem. Phys., 62 (1975) 3399-3405.

[20] 1. Gutman, N. Trinajstic’, Graph theory and molecular orbitals, “Total -electron energy
of alternant hydrocarbons”, Chem. Phys. Lett., 17 (4) (1972) 35-538.

106
B. Basavanagoud, Shruti Policepatil, Pooja B. and Sangeeta Bhat


http://www.ijaconline.com/

Journal of Analysis and Computation (JAC)
(An International Peer Reviewed Journal), www.ijaconline.com, ISSN 0973-2861
Volume XVI, Issue VI, Jan-June 2022

[21] 1. Gutman, B. Furtula, Z. K. Vukicevié, G. Popivoda, “On Zagreb indices and
coindices”, MATCH Commun. Math. Comput. Chem., 74 (2015) 5-16

[22] F. Harary, Graph Theory, Addison-Wesley (1969).

[23] M. Khalifeh, H. Yousefi-Azari, A. R. Ashrafi, “The first and second Zagreb indices of
some graph operations”, Discrete Appl. Math., 157 (4) (2009) 804-811.

[24] V. R. Kulli, “On K edge index and coindex of graphs”, Int. J. Fuzzy Math. Arch., 10 (2)
(2016) 111-1186.

[25] W. Imrich, S. Klavzar, Product graphs, structure and recognition, John Wiley and
Sons, New York, USA, (2000).

[26] A. Milic'evic’, S. Nikolic’, N. Trinajstic’, “On reformulated Zagreb indices”, Mol.
Divers. 8 (2004) 393-399.

[27] S. Nikolic', G. Kovacevic', A. Milic'evic’, N. Trinajstic’, “The Zagreb indices 30 years
after”, Croat. Chem. Acta., 76 (2) (2003) 113-124.

[28] G. H. Shirdel, H. Rezapour, A. M. Sayadi, “The hyper-Zagreb index of graph
operations”, lIranian J. Math. Chem., 4 (2) (2013) 213-220.

[29] N. Trinajstic’, Chemical Graph Theory, CRC Press, Boca Raton, FL (1992).

[30] M. Veylaki, M. J. Nikmehr, H. A. Tavallaee, “The third and hyper-Zagreb coindices of
graph operations”, J. Appl. Math. Comput., 50 (1-2) (2015) 315-325.

[31] Z. Yarahmadi, A. R. Ashrafi, “The Szeged, vertex PI, first and second Zagreb indices of
corona product of graphs”, Filomat, 26 (3) (2012) 467-472.

107
B. Basavanagoud, Shruti Policepatil, Pooja B. and Sangeeta Bhat


http://www.ijaconline.com/

