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ABSTRACT:

In this paper we shall obtain some infinite and finite summation formulae involving I-function. A
large number of finite and infinite series for I-function can be summed up by using the well-known
summation theorems for ordinary hypergeometric series in the main results. The method used in
deriving these series is also simple and direct and does not impose heavy restrictions on the
parameters. These summation formulae are of interest in themselves and yield, in turn, a large number
of other results as their particular cases. We present one particular case of our main summation
formulas, which are also novel and interesting on their own, as an illustration.

Keywords:

[1] INTRODUCTION

In 1997, Rathie has defined the ~function [3] by the following Mellin-Barnes type
contour integral:

BV Vi) Ake¥rdverr | . 1
[riri [u ((krd’k)1,Br(ﬂklr¢kl)B+1.Ti B @fL(p(E)ufdf'
(1.1)
where
0(8) = gﬁ=1r(uk—¢kf) nlerg—akwkf) _
ORI | HINIE (CERTIRENINE 5 § MWD Y TRERT ML)
(1.2)
Also
(i) u=0;
(i) i=vV—1;
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(iii) B,V,R;(I1=1,...,Q)and T;(l =1, ..., Q) are integers satisfying0 < V <
R, 1<B<T(l=1,..,0Q),Qis finite.

(iv) Lisasuitable contour in the complex plane.

(v) A product that is empty is taken to represent unity.

(Vl) lpk,(k:l, . .,Rl); (nbk (k:l, e ,Tl); l/)kl (k:]., . .,Rl)and ¢kli(k:1! Ce ’Tl)
are positive numbers.

(vii) Y ,k=1,...,R;and ¢, ,k=1,...,T, are complex numbers such that no singularity
of I'(ux — ¢x ), k = 1,..,B coincides with any singularity of I'(1— A, +¥,é), k =
1,..,V. In general these singularities are not poles.

The contours of L of integration comes in three distinct shapes.

(@) In order for all the singularities of I'(u;, — ¢ &), k= 1,..,B, to lie to the right of L,
and all the singularities of I'(1 — A, + Y¥i¢&), k=1,.,V, to lie to the left of L, L
travels from o - ico to o + ico, (o real).

(b) L is a clockwise loop that starts and ends at +oo, encompassing all of the
singularities of I'(u, — ¢« $), k= 1,..,B, once; however, it does not include any of
the singularities of I'(1 — A, + ¥ é), k=1,..,V.

(c) Lisaloop that encircles all of the singularities of I'(1 — A + Y &), k=1,..,V, and
starts and ends at —oo., once in the clock-wise direction, but none of the
singularities of I'(uy — ¢ ), k=1,..,B.

[2] INFINITE SUMMATION FORMULAE

FIRST FORMULA

- (-d), BV+3 (—e—w+1,y),(-(—w+1le),(—e—(+1t+d,y+e—p),
w! CRHSTHe lu i Dr) 1,8 (Mier Prc) p+1,mp (€ + 1L, y), (= + L, e),

w=0
Ao Yidys Ao Yr)dvair, ]
(—t—w+1L,p)(—e—{+1t+d—-—w,y+e—p)

_ [BH3V I Ao ¥id1y, A Yrdverry (€ + 7y —p), (={+ 1,6 — D),
RrsTit4Q| " l(—e+t+d,y—p),(-{+1+d,e—p),(—e—{+1,y+e—p),
(—e—(+t+d,y+e—p)
Crr Pr) 1,8 Wiets Prr) g1,y (T —d + 1, )]
(2.1)
wheree —p >0,y —p = 0 and (y,e,p) = 0 (not all zero simultaneously).

SECOND FORMULA

BV+3
| Rl+3 T1+5:Q

w=0

(—e—w+1L,y),(-(—w+1le),(-t—w+1,p),
({k’ dr)1,8 Wk, D) p+1ry (C€+ L,y), (= + 1,e), (-1 + 1,p),

Ao Yy ko Yrdvair, ]
(-t—w+1p)(—e—{+1t+d—w,y+e—p)

€ €
_ BV+2 ( > }2]) ( >+{+1,5 - ) Ao ¥id1y, A Vv,
= Ipj+21+4:0
e (Ck,¢k)13, (Mkl'¢kl)B+1Ty( €Y), ( 5+ C'%— e),( 5 +T,}2] p)

(= 6+C+Ty—€—29)]
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(2.2)

where y—2e>0,y—2p=>0,y—2e—2p=>0and (y,e,p) =0 (not all zero
simultaneously).

THIRD FORMULA

i 1 [BV+4 l (—e—w+1,y),(-{—w+le)(-t—w+1p)(—21+12p),

— Iy’ . u

= w! RiFATI+SQ (Ckr D) 18> (Hkers br) BTy (—e+1,y),(-C+1,e),(-t+1,p),
(Ak' lpk)l,V' (Akll l/)kl)V+1,Rl

S Y
2 @ty ty) (Frm et Lop)
1 € 1y
_ \/—IB+1V+1 (_T + 7! p; 1) ) (Ak' l/}k)l,V' (){kl' lpkl)V+1,Ry (_j +7T+ 7'7 - p)
= Ri+3,T+3:Q |U e ¢ 1y, e
(—7— tr+5,5+t5— )' (ks D) 1,8 Wiets Pr) B+1,1p0

2
f 1 )
2 tog 7P

2
e
R
€ e\|
(-5+2 )(5 73)
(2.3)

where y—2p >0,e—2p = 0and (y,e,p) =0 (not all zero simultaneously) and
1 e ¢
Re (

FOURTH FORMULA

Z 113+1V+3 l (—e—w+1,y),(-t—w+1,e),(-21+k,2e — p),
frert w! RIS (e + w + 1, ), (Co Pi) 1,80 (it P 17y (€ + 1,¥), (=7 + 1,p),
Ao Vi) vy Ao Yr)verr, (€ +1,y)
(—k—w+1,p),(—2t+k —w,2e —p)
el i er IZ_Ze =0, A ¥id vy (i, Yrdva,rp
Sk ¢k)1,B. (Ukers ¢kl)B+1,Tp

e k 1y p € k y p)
(‘z 2 E'E‘E)'(‘T”E“’E_HE
e k y p € k 1y p)’
(_E_E+1’E+E>'(_§_T+E+Ez te=3
(2.4)
Where2e —p=>0,y—2e >0,y —p = 0and (y,e,p) = 0 (notall zero simultaneously)
and Re(k —e—(—1) > 0.
FIFTH FORMULA
oo 6
(- d)a) B+ (- 6—w+1y)( w,%),(—(—w+1,e),
R+9T+12:Q €
5=0 e (Zk:¢k)1Bf(ﬂkl:¢kl)B+1Tp( 6"‘1)’)'( 7"‘1%);(—("‘1'9):
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(—r—w+1,p),(—p—w+1,9),(—k—w+1,¢),(—£+1,%),(—E+k,y—¢),

2
€ y
(-t+1,p),(—p+1,0),(-k+ 1,0),(—§—a)+ 1,2),(—6-{-{—0),}1—6),

(_E - d' y)' (Ak' l/)k)l,V' (Akl' lpkl)V+1,Rl:
(—e+1—w,y—-p)(—e+p-—wy—0),(—e+k—-—wy—o0),(—e—d—-w,y)

(—e—d,y),(—e+{+1—-d,y—e—0),(—e+t+p—d,y—e—0),
Sk d)k)l,B' (Mgt ¢kl)B+1,Tl: (—6y),(-et+{+1,y—e—p),
(—e+t+p—-dy-p—-0),(—e+{+1+py—e—p—106)
(—e+{+p—dy—-e—-6),(-e+{+p—-dy—-—p—-0),(-e+{—-dy—e),

Ao Vi) 1y Akt Yrdveig, ]
(—e+1—-dy—p)(—e+p—dy—6),(—e+{+1+p—-dy—e—-p—-0)I
(2.5)
where y—0>0,y—e=>20,y—p=20y—-0=20y—e—p=0,y—e—62=>0,y—
p—0=>0y—e—p=20y—e—p—062=20, (y,e,p,0,0 =0) (not all zero
simultaneously), 1+2e={+7+p+k—d andd =0,1,2, ...

_ [BV+5
= Ig+s51)48:0 [u

In all the above formulae (2.1) through (2.5), the various I-function satisfy the
conditions of convergence corresponding appropriately to the conditions of | — function.

PROOFS:
Using definition (1.1), we substitute the Mellin-Barnes integral for the I-function on
the left-hand side of, say, (2.1), and then we switch the sequence of integration and
summation (which is easily justified when the integral and the involved series are absolutely
convergent). We find that
[Xee]
1 ] ¢($) (€+¥8)w(( +e§)w(—d)w
- 2mi I'(t+ pé) w_Oa)! (T+p8,A+e+{—1—-d+y+e—p)),
—ico =

This gives us the right hand side of (2.1) when we use the Salzschitz's formula [1]
and use (1.1) to understand the answer that is thus obtained.
The results ([15], [16]) can be used to create proof of (2.2) through (2.5) on lines similar to
those above.

usdé

[3] FINITE SUMMATION FORMULAE
FIRST FORULA

Z l[B,V+2 u (—e—w+1Ly),(={-w+1e) L)y Ak Yrdveir,
w! R;+2,T1+3:Q

e P11, Wi, Pr)prrirpy (€ +Ly), (=(+ L e),(—e-{—w,y +e)

w=0
— l B,V+2 [ (—E—dJ/),(—f—d,e),(lkﬂpk)1,V;(/1klv1pkl)V+1,Rl ]
d! Rl+2'Tl+3Q ((krd)k)1,Br(ﬂkl:¢kl)B+1,Tlr(_G:.V):(_(:e):(_e_z_d.y+3) '
(3.1)
where y,e = 0 (not all zero simultaneously).
SECOND FORMULA
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(—e—w+1,y),(-(—w+1le),(-t—w+1,p),

i i) 1,8 (Ui Px) By (€ + 1L, y), (= + 1, e),
(Ao Yid 1y (A Yrdv+ir,y (P + w, 0)

(—t+1Lp)(-e—-{—-1+p-—w+lyt+te+p+6)
_ L pvas Iu (—e—d,y),(={—d,e), (-t —d,p),
o dl R (o Pr) 1, Wiw, Pr) 1y (—€,Y), (=4, €),
Ao Vi1 Qi Yrd vy (0 + 4, 0)
(-,p),(—e—{—t+p—-d+1,y+e+p+06)I

[0
1 [BV+3
ol RIHATI+4:Q u

w=0

(3.2)
where y,e,p,0 =0 (not all zero simultaneously) and {7+ te +e{ = (p—1)(e + { +
T—p—1).

THIRD FORMULA

Z$=0 {F(1+v+(‘))}_1 IB+2,V+1 [

(=5-1,a) A1,y Akt k)v+1,Rr) (V=5,b),(v-s-1,a)
w! R;+3,T;1+3:Q

(v=s+w,b),(v—s+w—-1,a),({k.P1) 1,8, (UKL P k1) B+1,T),(—S,2)
(—t=LD) A ¥1)1,v, (A1 ¥k v+1,R) (V=s—1,b),(v=s,a)
(v=s+w-1,0),(w=s+w,a),({k.PK) 1,8, (lkt. Pk B+1,7),(=5.2)
(=5,0) A Wi 1,V (AW rDv+1,R(V=5,b),(v=s,a)
(v=s+d,b),(v=5+d,a),({k.01) 1,8, (k1. Pk B+1,7 (- 1,0)
(=t.D) A Y1) v, (At WkD)v +1,R (V=5,b),(v=s,a) ]
(W=s+d,b),(v=s+d,0),$k. 1) 1,8, (K1 DK B+1,T(~5+1,0) |’

B+2,V+1
—Ir 31,430 U

_ {r@+v+a)? [Br2V+1
- d! R;+3,T;+3:Q

B+2,V+1
— IR 3430 |U

(3.3)
where a, b > 0 (not both zero simultaneously).

FOURTH FORMULA

i l{lmzy Iu A Yid1ys A Yrdverry W —6k), (v —s—1,2), v+ w + 1,2)
ey w! | Rir3Tirze wv-ttwk),v-—s+w-1,2),k ) W Pr)p+iT,
— () B [u ukn(pk)l,v,ukbwkz)v+1,Rl,(v—t—1,k),(v—s,z).(v+w+1.z)]}
' v—t+w,k),(v=s+d,2),{i.Pi) 1,8, (i, Pk B+1,T,
_ (=8 B+2yV [

(Ak,wk)1,V,(Akz,wkz)V+1,Rl,(v—t,k),<v—s,z),<v+w+1,z)]
dar TRi+3Ti+2:0Q (w—t+d,k),(v—5+w,2),(Sk.PK) 1,8, (Ml Pk B+1,T;

(3.4)
where z > 0.

FIFTH FORMULA
yoo i{(”“t)w [BHLV+1 [u (=5-1,a), A1y, Ak ¥rDv+1,r),(V—s-1,0)
W=0 41 |(v+1), Ri¥2T1+2:Q (w-s+w—-1,0),({k.P1) 1,8, (kL Pr1) B+1,T),(—S,0)

_ 1+Dw—-t—1), B+1V Iu (Ao Y1) 1y, Akt W) v+,ry w—s,a) }
v+ 1, RELTEAQ (v—s+w,a), ({k ¢>k)1,3. (Mgt ¢kl)B+1,Tl
(t—s,a), A, Yidy, (Aklﬂlpkl)V+1,Rl' wv—s,a)

(v —s+d,a), Sk, dr)1,8 (Ui ¢kl)B+1,Tl' (t-s+1a)
(3.5

_ (W=Ye priver u
- d| (v + 1)w Ri+2,T1+2:Q

where a > 0.
Now, we give very elegant results involving the product of two I — functions:
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SIXTH FORMULA
o Ta+v+o)} * ( B+1,v+1
Zw:o I

(=5-1,0),(Ak 1)1V, Akt kDv+1,R (V-s—1,a)
! R;+2,T1+2:Q

(=s+w-1,a),(§k P18 (hkt Pk B+1,T)(=5,0)
(Ao Y11y, Ao Yr)dverrp v — 6, D)
(v —t+ w,b), ({k, dr)1,5 (Mt Pri) B+,
(Ao )1y i Yrdvea Ry (v—s,a)
w—s+w,a),({k dr)1,e Mk Pr)prar,
(=t =1b), A ¥y, kv Yrdverry, W —t —1,b) }

B+1V
X Ig ¥1T+1:0 I)’

_BrLv l

Ri+1,T;+1:Q

B+1,V+1
X IRl+2,Tl+2:Q [

(v—t+w—1,b), (¢, ¢k)1,3, (llk1,¢kl)3+1,rl ,(—=t,b)
_ {T@+v+a)}t {IB+1,V+1 [
- d! R1+2,T1+2:Q

(=5.0), A1y, Ak kDv+1,r, (V=5,0) ]
(v-s+d,a),($.P1) 1,8, (Ut Pk B+1,T(—S+1,0)

(Ao Vi) 1ys Qi Yr)dverrpy (v — 6, D)
w—t+d,b), Sk Pr)ie (Wt Prdsrir

Ao i)y, Ao Yrdverry v — s, )
w—s+d,a), (Ck Pi)1e (Wit Prd o,

B+1V

B+1V
X g 41 141:0 l
Rl+1 T;+1:Q l

B+1V+1 (=6, b), e Y1y At Yrdver,ry (v — £, b)
X IR +2,T1+2:Q
et (U —t+d,b), (., br)1e Wiw Pr)err, , (—t + 1,b)
(3.6)
where a, b > 0 (not all zero simultaneously).

SEVENTH FORMULA
720 0+ o

Rl+2 T;+1:Q

M) 1V, A Y)v+1,R)p W—5-1,2) .(v+w+1,z>]
(v=s+w-1,2),({k.P1) 1,8, (UKL P B+1,T,

(o Vi) 1 it Yr)dva1,ry (0 — £, 2)
(W —t+ w,2), (e, Pr)1e (it Pri)B+1,1,
Ao i)y Ak Yrdverry, W —35,2), v+ w + 1,2)
W — s+ w,2), (e, $r) e Wir, Pri) a1
y 15;111;”1 o [y : (Ao Vi1 Qe Yr)dverry W —t — 1,2) }
v—t+w—12),( Pr)is (Ukw Pri)prir,

B+1V
X Ip 41 141:0

B+1V
— (1 + Olri57,41:0 Iy

_(s=1) puiy I Qe Yid 1y, Qi Yrdverry v —5,2), v +d + 1,2)
- dr Rl (v —s+4d,2), (k, dr)1,e (kv Prd s+
% Igzilll‘;ﬁl:Ql Ao Vi) 1y, Ao Yr)dverry v — £,2) }
' (v —t+d,2), (P15 Wit Pr) B+,

(3.7)
where z > 0.

In all the above formulae (3.1) through (3.7), the various |—functions satisfy the
conditions of convergence corresponding appropriately to the conditions of I-function.

PROOFS:

Proof for (3.1) to (3.7) may be established along the same lines as previously stated
by utilizing well-known findings ([16], p.84, egs. (2.6.1.9), (2.6.1.10)).
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where just the first n terms of the F series are to be included in the expansion,

as indicated by the suffix n on the left.

In (3.3) through (3.6), putting, and R = 1 we arrive at some finite summation formulae
obtained earlier by R. C. Manglik [19].

[4] SUMMARY

In this paper, we have presented certain infinite and finite summation formulae
involving I-function. Our findings offer intriguing consolidation and expansions of several
established and novel findings. A large number of finite and infinite series for I-function
can be summed up by using the well-known summation theorems for ordinary
hypergeometric series in the main results. The method used in deriving these series is also
simple and direct and does not impose heavy restrictions on the parameters.
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